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Chapter VI on transcendence measures involves more 
complicated techniques essential to further work in 
that direction. 
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Foreword 


The theory of transcendental numbers is reaching a stage where it is 
ready to take its place as one of the most attractive branches of mathe- 
matics. It consists in determining the transcendence and algebraic inde- 
pendence of numbers obtained as values of classical functions, suitably 
normalized. (We shall make this more precise in its appropriate place in 
the book.) 

There is one main method, with several variations, which consists of 
constructing a function with many zeros out of the functions whose values 
one is considering. By many zeros one may mean just one zero with high 
multiplicity, or many distinct zeros with no condition on the multiplicity, 
or many distinct zeros with high multiplicities. We shall see examples of 
all three cases. 

The theory has applications ranging from a very elementary setting 
(concerning the function e’), to rather sophisticated contexts, having to 
do with abelian functions and automorphic functions. The embedding of 
“elementary” results in broad coherent theories has been known to cause 
acute cases of paranoia to persons who prefer “simple” significant ex- 
amples to the elaboration of the more extensive theories. I personally like 
both, but I have made an attempt to keep the more elementary portions 
separate from the others, and hence more accessible for the reader of limited 
mathematical background, by: 

1. Treating separately the special case of the exponential function,which 
needs only standard facts from basic courses in complex variables, and 
elementary properties of algebraic numbers. 

2. Summarizing at the beginning of the book, with proofs, the few facts 
about algebraic numbers which we shall need in most of what follows. 

Historical notes at the end of each chapter serve as much to describe 
past work in the subject as to suggest further possibilities and conjectures. 

The book can be used as a text for a one term course in the theory of 
transcendental numbers, at the graduate level, if only certain portions of 
the theory are covered, e.g. Chapter I, Chapter II (omitting §4), Chapter III 
(omitting §4), the beginning of Chapter V, and Chapter VII. The other 
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parts of the book can be covered if more time is available, depending on the 
degree of erudition of the audience. Chapter VI involves somewhat more 
complicated techniques, which are absolutely essential to carry on further 
work in the direction of that chapter. The reader should keep in mind, 
however, that in order to obtain the most far-reaching and best possible 
results, it may be necessary to start with a substantially different point of 
view, and different structure for the proofs, more closely related to what 
has classically been called diophantine approximations. 

In any case, it is remarkable that a mathematical theory as old as the 
theory of transcendental numbers (dating back to Hermite’s first result of 
1873, the transcendence of e) is still in what can only be called an under- 
developed state. 
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CHAPTER I 


Preliminaries 


§1. Algebraic integers 


A finite extension of the field of rational numbers is called a number field. 
According to this convention, the field of all algebraic numbers will not 
be called a number field. 

Let K be a number field. An element a € K is called an algebraic 
integer if it satisfies either one of the following two equivalent conditions: 


INT 1. There exists a polynomial 
F(X) = X” + ani X"* 4 +++ + a 


with n 2 1 and coefficients a; € Z such that f(a) = 0. 


INT 2. There exists a finitely generated Z-module M # 0 (contained in 
some algebraic extension of K) such thataM Cc M. 


The equivalence of these conditions is easily proved. Assume INT 1. 
Let M be generated by 1, a,..., a” 1. Then aM CM. Conversely, 
assume INT 2, and say M is generated by v1,...,0,. Then 


n 
avz;= oD A730; 
j=1 


for some integers a;;. Subtracting the left-hand side from the right, we 
conclude that the determinant 


G@11 — @ 
Qij 
a3232 — a@ 


aij 
Chen, = 


annihilates the module M, whence this determinant must be equal to 0. 
In this way we obtain a polynomial with integer coefficients, leading 
coefficient 1, which has a as a root. 

il 
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From condition INT 2, we see that the set of algebraic integers in K is a 
ring. Indeed, if a, a’ are algebraic integers in K, and M, M’ are finitely 
generated (non-zero) Z-modules in some algebraic extension of K such that 
aM C M and a’M’ Cc M’, then MM’ is finitely generated, and is mapped 
into itself by multiplication with a + a’ and aa’. We denote the ring of 
algebraic integers in K by Ix. 

Let a be any element of K, satisfying an irreducible equation (over Z) 


OmX™ +++» + a9 = 0 


with a; € Z. We assume that the coefficients ao,..., Gm are relatively 
prime, and a, > 0. Then this equation is uniquely determined by a. 
A positive integer d will be called a denominator for a if da is an algebraic 
integer. It is clear that a, is a denominator for a, because if we multiply 
the above equation by a”—! we find that a,,a satisfies the equation 


(dmc) + Gm—1 (dma)! +--+ + am tay = 0, 


with integer coefficients, and leading coefficient 1. 

In particular, we see that K is the quotient field of Zx, and that every 
element of K can be written as a quotient of an algebraic integer and a 
positive (rational) integer. 

Each embedding o: K — C of K into the complex numbers will be 
called a conjugate of K. If a € K, then we call ga a conjugate of a. The 
number of conjugates of K is equal to the degree [K : Q] (dimension of K 
as vector space over Q). This is a simple elementary fact of field theory. 

Let [K : Q] = n. We can map Ix into C” by T:a+> (ja, ... , Ona). 
This is an additive embedding. In any bounded region of C” (= R?”) 
there is only a finite number of elements of r(x). Indeed, if we bound a 
certain region, then we bound the conjugates o;a of elements a in Jx. Each 
such a is a root of the polynomial 


(X — o3a)-++ (X — ona) = X" + an_yX"7! +--+ + a, 


whose coefficients are integers (because they are algebraic integers, and 
rational numbers being symmetric in the conjugates). Consequently, it 
follows by an elementary result that Ix is a free abelian group, whose rank 
must be precisely n since K is the quotient field of Ix, and a basis for Ix 
over Z must at the same time be a basis of K over Q. (For a proof of the 
elementary result, which is standard, cf. for instance my book Linear 
Algebra.) 

If B is real > 0, we shall say that size(a) < B if there exists a deno- 
minator d for a such that log d s B, and if 


log max |ga| < B 
a 
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for all embeddings o of K into C (i.e. all conjugates of a have logs of 
absolute value bounded by B). Thus 


size(a) = max(log d, log |oa]), 


where d is the smallest denominator for a, and o ranges over all embed- 
dings of K into C. If r is a positive integer, then size(a”) S r- size(a). 

Let a € K and assume a ~ 0. Let d be a denominator for a. Then 
da is an algebraic integer. If o;,...,0, are the distinct embeddings of 
Q(a) into C, then the norm of da satisfies the inequality 


1 < |N@de)| = Il lo ;(da)| = d” Il lo;(a)|, 


t=1 i=1 


because the norm of da is an algebraic integer and a rational number, 
whence an ordinary integer, ~ 0. From this we obtain the fundamental 
inequality, to be used many times in this book, 


—[K : Q]size(a) S log |aa| 


for any embedding o of K into C. One could obviously refine this 
inequality, to 


—[K : Q] log den(a) — ({K : Q] — 1) size(a) S log |aq|. 


§2. Integral linear equations 


We shall prove lemmas due to Siegel, which are used constantly in the 
sequel. They show that under certain circumstances, one can solve homo- 
geneous linear equations with integer coefficients by means of a solution 
whose size is approximately the same as the size of the coefficients. 

Lemma 1. Let 


041%) +°°> + Gintn = 0 


Gyp1Xy +++ + Opntn = O 


be a system of linear equations with integer coefficients a;;, and n > r. 
Let A be a number = 1 such that |a;;| S A for all 2, 7. Then there exists 
an integral, non-trivial solution with 


\ac,| < Bondy, 


Proof. We view our system of linear equations as a linear equation 
L(X) = 0, where L is a linear map, L: Z™ — Z™, determined by the 
matrix of coefficients. If B is a positive number, we denote by Z(B) the 
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set of vectors X in Z™ such that |X| < B (where |X| is the maximum of 
the absolute values of the coefficients of X). Then L maps Z(B) into 
Z”(nBA). The number of elements in Z(B) is = B” and S (2B)". 
We seek a value of B such that there will be two distinct elements X, Y 
in Z“(B) having the same image, L(X) = L(Y). For this, it will suffice 
that B” > (nBA)’, and thus it will suffice that B = (2nA)""—”. We 
take X — Y as the solution of our problem. 


The trace Tr from K to Q establishes an isomorphism between K 
(as vector space over Q) and its dual space, under the bilinear map 
(x, y) +» Tr(zy). Indeed, since the trace is a non-zero linear functional, 
the kernel on the right and left of this bilinear map is 0. 

Let X = (21,...,2%n) be a vector of elements of K. We write 


\|X|| = max;,¢|oz,|, 


that is ||X|| is the maximum of the absolute values of all conjugates of the 
coordinates 2;. 


Let w1,..., wy be a basis of Ix over Z. Let a € Ix, and write 
a= 0,0; +---+ aywy, a; EZ, 
Let wj,..., Wy be the dual basis of w;,..., wy with respect to the 


trace. Then we can express the (Fourier) coefficients a; of a as a trace, 
a; = Tr(aw%). 


The trace is a sum over the conjugates. Hence the order of magnitude of 
these coefficients is bounded by that of a, times a fixed constant, depending 
on the elements w}. 


Lemma 2. Let K be a finite extension of Q. Let 


012) + ++: + aint, = 0 


Op1Ly + +++ + Antn = O 


be a system of linear equations with coefficients in Ix, andn > r. Let A 
be a number such that |la;;|| S A, for all i, 7. Then there exists a non- 
trivial solution X in Ix such that 


|X|] S Cy(ConA)"*— + Cy, 
where Cy, C2 are constants depending only on K. 


Proof. Let w,,..., wu be a basis of Ix over Z. Each x; can be written 


tj = &3101 + +++ + & mou 
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with unknowns £;,. Each a;; can be written 
Qig = Aij101 +++ + AyjmMom 


with integers a;;, € Z. If we multiply out the a;,;x7,;, we find that our 
linear equations with coefficients in Ix are equivalent to a system of rM 
linear equations in the nM unknowns £,,, with coefficients in Z, whose 
magnitude is bounded by C'A, where C is a number depending only on M 
and the size of the elements w, together with the products w,w,, in other 
words where C depends only on K. Applying Lemma 1, we obtain a 
solution in terms of the £;,, and hence a solution X in Jx, whose magnitude 
satisfies the desired bound. 


In applying Lemma 2, we meet equations whose coefficients are not 
necessarily algebraic integers. However, this case is trivially reduced to 
Lemma 2 by clearing denominators. We formulate it separately. 


Lemma 38. Let K be a number field. Lei 


1171 + °° + aint, = 0 


Op1X1 + °° + Opn tn = 0 


be a system of linear equations with coefficients in K, andn > r. Let A 
be a number such that |\a,;;|| S A for alli, 7. Letd;(¢ = 1,...,7r) bea 
common denominator for the coefficients of the 1-th equation, and let 


d = max d,. 
Then there exists a non-trivial solution X in Ix such that 
[XI| = Ci(Con dA)"*—” + Cy, 
where Cj, Cz are constants depending only on K. 


Proof. We multiply the 7-th equation by d;, and apply Lemma 2. 


It is convenient to mention here the following notation. If 
P(T) = a,T” + +++ + ao 
is a polynomial with complex coefficients a;, we let 
(P| = max |a,|. 
If the coefficients are algebraic numbers, we let 


||P|| = max |las|). 
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In every application of Lemma 2, we shall deal with a situation when r 
is approximately equal to en for some constant ¢ with 0 < c < 1. Then 


the expression 
r 


iO Sah 


is just equal to c/(1 — c), i.e. is essentially constant, independent of the 
magnitude of n or r which will be quite large. Thus in this circumstance, 
the solution is bounded by 

CnA° 


for some constant c’. It will also be the case that n is very small compared 
to A (essentially, n will be of the order of magnitude of log A), and con- 
sequently we shall have solutions whose order of magnitude is A”. 


§3. Estimating 


In all our work, we shall estimate. To do this efficiently, we need various 
notation. 

Let f, g be real valued functions defined for arbitrarily large real num- 
bers, and assume g 2 0. We write 


f = 0(g) 


if there is a constant C > 0 such that |f(x)| < Cg(x) for all sufficiently 
large x. We write 


f = o(9) 
if lime 4(@) a(n). —_0. 

We write f < g if there exists a constant C > 0 such that for all x 
sufficiently large we have f(x) S Cg(x). It will always be made clear from 
the context what the constant C depends on. If f, g are both = 0, we 
write f >< g to meanf <gandg <f. 

In applications, f and g may be defined for all sufficiently large positive 
integers. 

We shall also use the < notation when f, g are defined on some set S 
(not a set of numbers). In that case, f << g means that there exists a 
number C' > 0 such that f(z) S Cg(z) for all elements of the set. 

We shall frequently estimate sums. This is always done in a relatively 
coarse manner, namely the absolute value of a sum is bounded by the 
number of terms in the sum, times the maximum value of the terms. It 
will also turn out in each case that the number of terms in the sum is very 
small compared to the value of the terms (something like the log), so that 
the number of terms in a sum can always be essentially disregarded in 
making our estimates. 
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In estimating sums, one deals most easily with the ordinary triangle 
inequality. However, all the estimates will be important only as they 
appear in exponents. Thus it is convenient to take the log to simplify the 
notation. The reader will no doubt need, as I do occasionally, to reformu- 
late the estimates explicitly in the exponential form, but after having done 
this several times, he will appreciate the other notation as a means of 
achieving expository clarity. 

Finally, we describe very briefly the kind of estimates which lead to 
transcendence proofs. They are all based on the following principle, at 
the present stage of the theory. One deals with entire, or meromorphic 
functions, say f, g, which are assumed algebraically independent, over the 
constant field, and are of finite order, in the analytic sense. It is known 
from complex variables, that such functions cannot have too many zeros. 

We are then interested in those complex numbers z such that f(z) and 
g(z) are both algebraic. Our functions will usually have some additional 
property like satisfying an algebraic differential equation, or possessing 
an algebraic addition theorem, which, out of one such value, allows the 
generation of many such values, and the problem is to describe the restric- 
tions on those numbers z in such a way as to end up with sharp criteria. 
The arithmetic problem involving algebraic values is reduced to an ana- 
lytic one concerning zeros of an auxiliary function, a polynomial in f, g, 


F= pe aiif'g’ 


with coefficients in a number field. From the assumption that f, g take 
on values in the number field at certain points, one can construct a function 
F having many zeros, using Siegel’s lemma. By some form of a three 
circle theorem, one can then obtain a contradiction, since on the one hand, 
F has small absolute value at some point w where f(w) and g(w) are alge- 
braic, and on the other hand, the construction of F could be achieved in 
such a way that the size of F(w) was relatively small. The contradiction 
then comes from the fundamental inequality mentioned in §1, relating the 
size of an algebraic number with one of its absolute values. Each chapter 
will exhibit a variation of the general principle just described. 

It should be pointed out that Gelfond was the first to realize explicitly 
the connection between transcendence problems and algebraic values of 
entire functions. Many years before he proved his a® theorem, investi- 
gating special cases in 1929 (cf. [12]) he saw that such a problem was 
related with a question (I believe raised by Polya) concerning the possi- 
bility of an entire function taking integral values at integers, and the 
interpolation problem arising from it. A function like F above was first 
introduced by Siegel in connection with the transcendence of values of the 
Bessel function. 


CHAPTER II 


Meromorphic Functions 


§1. Algebraic values of e* 


The function e!’ is the simplest function to consider, and as promised 
in the foreword, we begin by treating it as a special case of more general 
functions to be handled later. 

We note the trivial fact that 

max |e’| < ae 
[t}=R 
This kind of growth condition is used all the time. 

Let 81,..., 8m be complex numbers, linearly independent over the 

rationals. Then the functions 


are algebraically independent over the complex numbers. In fact, if we 
denote these functions by X1,...,Xm then we note that they are multi- 
plicatively independent: In any relation 


XT. ee xm — J 
with integer exponents 71,..., 7%» we must have nj =-::: =n, = 0. 
From this it follows easily that X1,..., Xm are algebraically independent. 


One may view this as a special case of Artin’s theorem on the independence 
of characters, or the reader may devise a simple proof using his own 
ingenuity. 


THEOREM 1. Let 81, Bz be complex numbers, linearly independent over 
Q, and let z, (v = 1, 2, 3) be complex numbers, also linearly independent 
over Q. Then at least one of the numbers 


ef*» Pa% = (y = 1,2 3) 
as transcendental (over Q). 


Before proving Theorem 1, we give some corollaries. 
8 


[II, §1] ALGEBRAIC VALUES OF e° : 9 


Corotuary 1. Let 6 be a complex number, and suppose that there exist 
three non-zero, multiplicatively independent algebraic numbers 


a (v = 1, 2,3) 
such that a® is algebraic. Then B is rational. 


Proof. Suppose that f is irrational. Let 8; = 1, B2 = 6, andz, = loga, 
(with any determination of the logarithm). The corollary follows by a 
direct application of Theorem 1. 


Corouuary 2. Let y be real, and x” algebraic for all positive rational 
x £0. Then y is rational. 


Proof. Special case of Corollary 1. 


We view the function e’ as an entire function, i.e. a function which is 
analytic in the plane. 

We recall that an entire function F is said to be of order S p if there 
is a constant C > 0 such that 


[Fle = max |F(é)| Ss cz 
[=k 


for all R sufficiently large. (We omit the usual € which the reader will 
find in texts on complex variables, because it is irrelevant for what follows.) 
With the notation of Chapter I, §3, we may write 


log |F|r = O(R*) 
or also 
log |Fir « R? 


for R sufficiently large. The implied constant then depends on F. In all 
books on complex variables, it is proved that the number of zeros of such 
a function F in a circle of radius R is O(R*), provided F is not identically 
zero. 

We shall now prove Theorem 1. Suppose that the conclusion of Theo- 
rem 1 is false, and let K be a finite extension of Q, containing 


efi?» ef22y 
for vy = 1, 2, 3. Let n be a large integer, assumed to be a square for con- 


venience, which will tend to infinity later. Let r = (4n)*/?. We can find 
algebraic integers a;; not all zero in K such that the function 


r . 
A) = yy aij ‘B1tpiBat 
1 


tj= 
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has a zero at every point k- 2 = kyz; + kez + k3z3, wherek = (ky, ko, kz) 
is a triple of integers such that 1 < k, S$ n. This amounts to solving 
linear equations in r? unknowns, with r? = (4n)°, and 


number of equations = n°. 


The coefficients of the equations are the values 


e tBilk-2), IB2(k 2) 


which are elements of K. For each equation (corresponding to some k), 
we have 
size of coefficients « nr « n°!” 


the implied constant depending on the values exp(6,z,). For each k, we 
can find a common denominator d for the coefficients of the k-th equation, 
satisfying the bound log d <n 
because the coefficients are powers of the fixed algebraic numbers exp(6,2,), 
and these powers are essentially bounded by nr. We can therefore apply 
Siegel’s lemma, and we can in fact find the a,; such that 


size a;; K n°!” 
for n sufficiently large. 

Since 6;, 2 are linearly independent over Q, it follows that F is not 
identically zero, and takes on values in K for all linear combinations of 
21, 22, 23 with positive integer coefficients. On the other hand, F cannot 
vanish at all such linear combinations, because they are not discrete, or 
alternatively because F is entire of order 1, and in a circle of large radius 
R, there are more such linear combinations than the bound O(R) for the 
number of possible zeros of F. Let s be the largest integer such that 
F(k-z) = 0 for all k, with 1 = k, Ss. Thens = n. Let 


w = kyz1 + koze + kge23 


with some k, = s+ 1, and 1 S k, S s+ 1 for all v, and F(w) ¥ 0. 
Then 
size F(w) « s°/?, 


We now estimate |F(w)|, and we use the expression 


ug an 
Fw) = Ta- Fp II @ — k-2 2 
the products being taken over all k, with 1 < k, S s. There are s® terms 
in the product. The function on the right of this last equality is an entire 
function, and we apply the maximum modulus principle on a circle of 
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radius R = s*/?. Note that for |t| = R, we have |t — k-2| = R/2 
(for s large), and also 


lw — k- al < Cw. C1 
f¢—k-e] ~ R = gil2 


for some constant C;, and s large. Hence 
log |F(w)| « log |F|r + s? — 4s° log s. 


A trivial estimate shows that 


2 5/2 R 3 
IFlz S r°Co C3 aC, ; 


and hence 
log |F(w)| « s*? — s* logs. 
This contradicts the lower bound 
—size F(w) « log |F(w)|, 
if we let n, and therefore s, tend to infinity. Theorem 1 is proved. 


Remark. One would like to shrink the number of z, from three to two, 
but the same pattern of proof in this case does not give the desired con- 
tradiction at the end (it just misses). 

In investigating values of a® when @ is transcendental and a is algebraic, 
there may be one algebraic a such that a° is algebraic. For instance, 


log 3 


io 


It will be shown later (Gelfond-Schneider Theorem) that «® is transcen- 
dental if a is algebraic ¥ 0, 1 and 8 is irrational. Thus (log 3)/(log 2) is 
transcendental, and constitutes an exceptional number 8 for which 2° is 
algebraic. Theorem 1 shows that there are at most two multiplicatively 
independent possibilities, and our remark is that there should only be one. 
In any case, we see Theorem 1 as a complement of the Gelfond-Schneider 
theorem. It also shows that among the numbers 2, 37, 57, ... at most 
two are algebraic. Of course, in this case, one expects none of them to be 
algebraic. 


§2. Algebraic values of meromorphic functions 


We shall axiomatize the proof of Theorem 1 so that it applies to more 
general functions. 

A meromorphic function f is said to be of order < p if it can be ex- 
pressed as a quotient of entire functions of order S p. If S is a set of 
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complex numbers, we say that such a meromorphic function f is defined 
on S if we can write f = g/h where g, h are entire of order < p and no 
point of S is a zero of h. For simplicity, we shall always assume that p is 
an integer 2 1. 

Let S be a set of complex numbers, expressed as a union, S = U Sn 

n=1 

such that S, C Sn+1 for alln. We say that the subsets {S,} form a filtra- 
tion of S. We shall assume throughout when dealing with such filtrations 
that there is a constant C > 0 such that for all m and all z € S, we have 
lel S Cn. 

Let f be a meromorphic function defined on S, with values in a number 
fied K. We shall say that f is of arithmetic order < p on S (or more 
accurately, with respect to the filtration {S,}) if there is a constant C 2 1 


such that the following conditions are satisfied: 
AO 1. For all n and z € S,, we have size f(z) Cre: 


AO 2. There is an entire function h of order S p, such that hf zs entire, 
h has no zero in S, and for all n, z € Sp, 


IA 


log {1/h(z)| <= Cn’. 
Using our notation <, we can write our conditions in the form 
size f(z) « n° and _ log |1/h(z)| & n’, 


forz € S,, andn — o. 


THEOREM 2. Let f, g be meromorphic functions of order < p. Let 
Se U Sn be as above, and assume that f, g are defined on S, with values 
in the number field K, and of arithmetic order S p on S. Let d be 
a number > 2. If card(S,) >« n” for n — o, then f, g are alge- 


braically dependent over K. 
Proof. Let C;, C2 > 0 be such that 


C\n* s card(S,) < Cyn” 


for all n. Without loss of generality, we may assume (for convenience) 
that C2 is an integer, and is a square. We shall deal with a large integer n, 
taken to be a square, and which will tend to infinity later. 

Let r = 2C3!/2nl? « nl2, 

We can find algebraic integers a;; not all zero in K, such that the function 


F= >) azf'g’ 


t,j=1 
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has a zero at every point z € S,. This amounts to solving linear equations 
in r? unknowns, and we have 


number of equations < Con S r?/4. 


The coefficients of these equations are the values 


HOvIOM 
with 2 € S,. By hypothesis, we have 


size of coefficients < n?r. 


For each z, we also note that there is a common denominator for the 
coefficients of the corresponding equation with the similar bound « n’r. 
By Siegel’s lemma, we can find the a;; such that 


size ay; << n?r 


for all n sufficiently large. 

If f, g are algebraically independent over K, then F is not identically 
zero. Let s be the smallest integer such that f(z) = 0 for all z € S, but 
F(w) ¥ 0 for some w € S41. (Such s exists because in a circle of radius s 
we know that F has O(s°) zeros for s > o.) Then s 2 n and trivial 
estimates yield 

size F(w) < sr. 
We note that s?’r << s. 

We now estimate |F(w)|. Let h be the entire function satisfying con- 
dition AO- 2 with respect to both f and g. (If h, satisfies this condition with 
respect to f, and hg satisfies it with respect to g, then h = hyhg will serve 
our purposes.) Then h?’F is an entire function having zeros at all elements 
of S,. We use the expression 


h(t)?’ F(t) 


Pe) = rote —H HL — 9), 


where the products are taken for zin Ss. We apply the maximum modulus 
principle, and bound the function on the right on a circle of radius 
R = s’?, We estimate three things: 

First, we estimate h?’F using the fact that h, hf, hg are entire of 
order < p, and using the expression 


h?"F — oy a,;h?"—*—*(hf)*(hg)’. 


t,j=1 
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We take the log of the absolute value, and find 
sup log |h(t)?"F(t)| « s?/*r « s™. 
ltl=R 


Second, we have the upper bound (by AO 2), 
log |1/h(w)?"| «K s?r « 8. 


Third, and most important, we have 


Combining these three estimates, we get the upper bound 


r 


log |F(w)| « s” — > s log s 


(because 3s? <«< s!). For s sufficiently large, this contradicts the fact that 
—size F(w) < log |F(w)|, 
thereby proving Theorem 2. 


Remark. Theorem 2 remains valid if instead of assuming 
card(S,) >« n? 


we assume merely that card(S,) >> n’”. Indeed, in that case, we reduce 
the proof to the preceding one by constructing sets S, C S, such that 
card(S,) >« n and S, C Sp41. This is trivially done inductively, and 
we can then apply Theorem 2 to the sets S,. 


§3. Application to linear groups 


We shall now assume that the reader is acquainted with group varieties, 
but will recall briefly the main properties of this type of object. 

A group variety is a group in affine or projective space, which is also 
an algebraic variety (connected), i.e. its points are the set of solutions of 
algebraic equations, and such that the law of composition and inverse 
have graphs which are also algebraic varieties. An important example is 
the linear group GL(m) of invertible m « m matrices. 

If K is a subfield of the complex numbers, we say that the group variety 
is defined over K if all the above-mentioned algebraic equations can be 
chosen to have coefficients in K. If that is the case, then we denote by 
Gx the set of points of G having coordinates in K, and it follows that Gx 
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is a group. When K is a number field, we view Gx as a discrete group. 
When K = C, we view Ge as a complex-analytic manifold, i.e. a complex 
analytic group. 

Let G be a group variety. By a 1-parameter subgroup of G we mean a 
complex-analytic homomorphism yg: C — Ge of the complex line into 
Gc whose derivative at the origin is injective. Thus ¢ is an analytic curve 
in Ge. However, it may well be that algebraically, ¢ has dimension > 1. 
Indeed, if, say, G is embedded in some projective space, and (¢o, ..., ¢) 
are the projective coordinates of y, then by the algebraic dimension of 9 
we shall mean the maximum number of algebraically independent. coor- 
dinate functions ¢;/¢9 (¢ = 1,..., N). This is the same as the dimension 
of the smallest group subvariety of G containing ¢(C), i.e. containing the 
1-parameter subgroup. 


THEOREM 3. Let G be a linear group variety defined over the field of 
algebraic numbers. Let g: C — Ge be a 1-parameter subgroup, of algebraic 
dimension = 2. Let T be a subgroup of C having at least three linearly 
independent elements over Q. Then ¢(T) cannot be contained in the group 
of algebraic points of G. 


Proof. We can represent G globally as a group of matrices, so that for 
some matrix M, 


y(t) = exp(tM) = SoM" /ul. 


Let z, (v = 1, 2,3) be complex numbers linearly independent over Q, 
such that ¢(z,) is algebraic, say with components in a number field K. 
Suppose that M is an m X m matrix. Then we can write 


gt) = (v:;(), Aes 4,7) 


with entire functions ¢;; which are of order < 1. If y has algebraic dimen- 
sion = 2, then at least two among the functions ¢;; are algebraically 
independent over K, say f, g. 

Let S,, be the set of linear combinations 


ky24 + koe [6 k323 


with 1 < k, < n. Condition AO 1 is easily verified, because 


o(k121 + keze + kge3) = 921)" o(z2)"o(z3)*8, 


and it is easy to make the necessary estimates on the size of a product of 
matrices to see that AO 1 is true. Condition AO 2 is always true for entire 
functions (take h = 1), and consequently, we can apply Theorem 2 to 
obtain the desired contradiction. 
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CoroLtuary. Let G be a linear group variety defined over a number 
field K. Let T be a commutative subgroup of Gx, containing at least three 
elements independent over Z. If T is contained in a 1-parameter subgroup 
of G, then this 1-parameter subgroup is a group subvariety (7.e. algebraic) 
of dimension 1. 


We observe that Theorem 1 of §1 is a special case of Theorem 3. Indeed, 
it involves the 1-parameter subgroup 


tro (Cie eat) 


of the product of the multiplicative group with itself, C* x C*. 

We note that the additive group of m X m matrices may be viewed as 
the tangent space at the origin of the general linear group GL(m). Thus 
the map 

exp: Mat, (C) — GL(m, C) 


given by the exponential power series is the usual exponential map of the 
differential geometer. When the group variety is the multiplicative group 
C*, then the exponential map is simply the ordinary function t > e’. A 
1-parameter subgroup is nothing but the image of a straight line through 
the origin under the exponential map. 

In the next section, we consider another type of group variety. 


§4. Abelian varieties 


An abelian variety is a group variety in projective space. If A is an 
abelian variety, then Ac is a compact, complex Lie group, and conse- 
quently is a complex torus: We can represent Ac as a factor group of 
C? (d = dim A) by a discrete subgroup of dimension 2d over R. This 
representation can be achieved by theta functions in d variables, these 
being entire functions of order < 2 (cf. [8] or [32]). We shall denote this 
representation by 

@: C4 > Ac. 


If a € C”, anda ¥ 0, then the curve g: C — Ac such that g(t) = O(a) 
is a 1-parameter subgroup of A, and all 1-parameter subgroups of A can 
be so described. Furthermore, © is a representation of the exponential 


map on Ag, and we may identify the tangent space at the origin of Ac 
with C?, 
THEOREM 4. Let A be an abelian variety defined over the field of algebraic 
numbers. Let g:C — Ag be a 1-parameter subgroup of A. Let T be a 
subgroup of C having at least seven linearly independent elements over Q. 


If ¢ has algebraic dimension = 2, then v(T) cannot be contained in the 
group of algebraic points of A. 
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Proof. Let © = (@,..., 6) be the representation of © by means of 
theta functions 60, ..., @v, giving an embedding of Ac into projective 
N-space. We induce the functions on the analytic curve y, and obtain 
entire functions (fo, ..., fy) in one variable, of order < 2, which realize 
our l-parameter map g, that is (t) = (fo(t),...,fn(d)). Without loss 
of generality, we may assume that the divisor of zeros of 69 does not pass 
through the origin, and that, in particular, fy is not identically zero. 
Let D be a small disc of radius 6 > 0 around the origin in C, so that no 
zero of fo lies in D. Then |fo(é)| is bounded away from 0 on D, and hence 
log |1/fo(é)| is bounded from above on D, thereby satisfying condition 
AO 2. 

By hypothesis, at least two of the functions among f,/fo,...,fnv/fo 
are algebraically independent over the algebraic numbers, say f, g. 

We may assume that A is defined over a number field K, and that T 
is generated by seven elements z, (v = 1,...,7) linearly independent 
over Q, such that ¢(z,) is contained in Ax fory = 1,...,7. Let S, be 
the set of linear combinations 


ke2=kyy +--+ 4+ kez 


with —n S k, S n, and such that k-z liesin D. By routine techniques 
(which will be recalled below), one verifies that card(S,) >> n° or n°, 
depending on whether at least two of the elements z are linearly indepen- 
dent over R or not. For definiteness, let us assume that we are in the case 
card(S,) > n°. Let S = U S,. We already know that our two functions 
f, g satisfy condition AO 2 on S, since in fact they have the bounded 
denominator h = fy on D. We shall prove in the next lemma that they 
satisfy condition AO 1, and thus are of arithmetic order S 2 on S. 
Applying Theorem 2 then gives the contradiction which proves Theorem 4. 


Lemma 1. Let A be an abelian variety defined over a number field K. 
Let ¢:C — Ae be a 1-parameter subgroup, represented by projective 
coordinates (fo,...,fn). Sayfo ts not identically zero. Letz,,...,%m EC 
be linearly independent over Q, such that o(z,) € Ax forv = 1,...,m. 
Let S* be the set of linear combinations 


Wy2, +--+ + KnZm, —1 =k a, 


and let Z,, be the subset of S* consisting of the zeros of fo. Let S, be the 
complement of Z, in S,. Let S = U Sn. Let f = fi/fo for some index 
a= 1,...,N. Thenf satisfies condition AO 1 on S, with p = 2. 


Proof. We shall use the quadratic form of Néron-Tate [25], [20]. We 
denote by h the logarithmic height, defined on the group of rational points 
Ax of Ain K. Thenh = q+1+ O(1), for some quadratic form g, and 
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some linear form J. If we write P, = ¢(z,), and 
P= kyPy + +++ + hmPm = e(kit1 + ++* +. bmzm) 


with —n < k, < n, then we see that 


(1) h(P) « n* for n— ow. 


What we need is to bound the size of a single coordinate function f(z) for 
z € S, in terms of the height. This is a trivial technical matter. Indeed, 
the height of a point P = (f,..., &v) in projective space over K is 
defined by 


h(P) = >> sup; »(&;) 


where the sum is taken over the set of normalized absolute values on K, 
and v(&;) = log ||&,||, (notation as in [18], Chapter III, except that we 
take the logarithm). From this definition, it is clear that if, say & = 0, 
and a = £;/£p is the 7-th affine coordinate of our point, then 


(2) h(a) = h(£o, &:) & h(E). 


Let d(a) be the leading coefficient of the irreducible polynomial satisfied 
by a over the integers Z, with relatively prime coefficients. Then it is well 
known that log d(a) « h(a), fora € K. (See for instance [18], Proposi- 
tion 4 of Chapter III, §2. The implied constant depends on the degree 
of a over Q.) Furthermore, d(a) is a denominator for a, that is d(a)a is 
integral over Z. From this and the estimate for the height, we see that 


(3) size(a) K h(a) 


fora € K. Putting (1), (2), (8) together, we find that f satisfies condition 
AO 1 on S with p = 2, as was to be shown. 

There remains but to justify that the number of linear combinations 
k - 2 lying in D has at least the order of magnitude of n°. This is done by 
standard arguments. Suppose for instance that z¢, z7 are linearly inde- 
pendent over R, and let A be the lattice generated by them. We consider 
the combinations 


kya; -: - - ees 


on the torus C/A = R?/A. We cut up a fundamental domain into approxi- 
mately 1/5 small squares of sides approximately equal to 6!/?, and use the 
Dirichlet box principle on the (cn)* elements consisting of linear combina- 
tions k- z with |k| < cn for some constant c depending on the z,. Sub- 
tracting one element from all the others crowded in a small box, we obtain 
essentially >> 6n° elements in D (up to a constant factor, depending only 
on the z,). This does what we wanted. 


HISTORICAL NOTE — 19 


(By being slightly more careful, and using translations by 26, 27, using 
points lying outside small circles around the zeros of the entire function fo, 
and using the minimum modulus principle for entire functions, one can 
probably avoid the drop of 7 to 5, and thus replace 7 by 5 in the theorem. 
However, this is a secondary matter here.) 


Corouuary 1. Let A be an abelian variety defined over a number field K. 
Let T be a finitely generated subgroup of Ax, of rank = 7. If T is con- 
tained in a 1-parameter subgroup of Ac, then this 1-parameter subgroup 
is an abelian subvariety of dimension 1 (an elliptic curve) in A. 


Corotuary 2. Let G, G’ be group varieties defined over a number field. 
Let G have dimension 1, and let G’ be linear or abelian. Let 9: Go > Gé 
be a complex analytic homomorphism. If there exist 7 algebraic points 
a, (v= 1,...,7) on G, linearly independent over Z, such that ¢(a,) is 
algebraic, then some power of ¢ is a rational homomorphism. 


Proof. Composing ¢ with the exponential map on G shows that the 
graph of ¢ is algebraic. That some power of ¢ is rational then follows from 
trivial facts about group varieties. 


Remark. In the study of abelian varieties, certain theorems, like the 
Mordell-Weil theorem, and Siegel’s theorem concerning integral points 
on curves, were originally proved using theta functions. However, these 
theorems dealt only with the algebraic-arithmetic aspects of the situation, 
and when an algebraic theory of abelian varieties was developed (by Weil), 
it became clear that one could give expositions for the proofs entirely 
within the algebraic context. (Néron did it for the Mordell-Weil theorem 
in his thesis, and I did it for the Siegel theorem, cf. [18].) In other words, 
the theta.functions were used only as a convenient tool to write down 
the group law on abelian varieties, and this tool became superfluous for 
the preceding applications when one saw how to formulate the group law 
purely algebraically. 

Besides purely algebraic theorems on abelian varieties, there are other 
types, for instance those concerned with the complex analytic structure 
(as in Weil’s book on Kahler manifolds). In the present context, we deal 
still with a third aspect of abelian varieties, namely the direct study of 
the properties of their transcendental parametrizations, with an arithmetic 
point of view, in which this parametrization occupies a central position. 


Historical note 


The use of a function similar to our F occurs in Gelfond’s and Schneider’s 
proof of the transcendence of oa? when a is algebraic ¥ 0, 1 and @ is alge- 
braic irrational. Theorem 1 was known to Siegel [cf. L. Alaoglu and 
P. Erdés, “On highly composite and similar numbers”, Trans. Am. Math. 
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Soc. 56 (1944) p. 455]. Corollary 2 is the portion of Theorem 1 needed for 
applications. Its need had arisen in the paper just mentioned, and more 
recently was asked by Serre in connection with the determination of certain 
characters of idele classes of number fields. Unfortunately, Theorem 1 
does not appear in any of the three books on transcendental numbers 
[13], [29], [82] and is not otherwise generally known. Theorem 2 is a 
variant of results of Schneider [28], who started to axiomatize the tran- 
scendence proofs, and showed more explicitly than Gelfond how the order 
of growth of an entire function restricts its algebraic values. 

Further comments on the exponential function will be made at the end 
of the next chapter. The applications of §3 and §4 are taken from [17]. 

It is a problem to extend Theorem 2 and its applications to functions 
of several variables. Formally, the proof can be given a d-variable version, 
the only difficulty occurring at the estimate of an entire function with 
many zeros. One needs an analogue to the three circle theorem, i.e. an 
estimate of type 


< |Fle,RY 
Rz 


Flr 


if F has N zeros more or less evenly distributed inside a polydisc of radius 
R,, and Ry < R < Ry. That the zeros must be more or less evenly 
distributed is clear, since a function of several variables always has a 
divisor of zeros (i.e. the zeros are not isolated). Consequently, in the 
multidimensional analogue of Theorems 3 and 4, taking linear combina- 
tions of vectors, it is necessary to assume that these combinations are 
evenly distributed. In applications, this leads to questions in diophantine 
approximations which at the moment appear to lie beyond the methods 
available. (For a special case when this problem does not arise, cf. 
Chapter IV.) 

Finally, it would be worth while to extend Theorems 3 and 4 to arbitrary 
group varieties (which one may assume commutative, since the Zariski 
closure of the 1-parameter group is necessarily commutative). This is 
not a problem in transcendental numbers, since Theorem 2 reduces the 
question to general properties on group varieties. Thus one must show 
that Axioms AO 1 and AO 2 are satisfied. This involves first a purely 
algebraic question, i.e. an upper bound for the height of points on arbitrary 
commutative group varieties (to replace the upper bound derived from 
the presently available Néron-Tate form), and second, a mixed algebraic- 
transcendental problem, i.e. showing that the exponential map on arbitrary 
commutative group varieties can be parametrized by meromorphic func- 
tions of order < 2, similar to theta functions. (This would involve 
systematizing Severi’s quasi-abelian functions.) 


CHAPTER III 


Algebraic Differential Equations 


§1. The main theorem 


In the preceding chapter, we saw that there exist certain restrictions 
on the set of numbers at which algebraically independent meromorphic 
functions take on algebraic values. In the applications, we use very 
strongly the algebraic addition formula for our functions. In this chapter, 
we shall describe an analogous situation when the functions satisfy an 
algebraic differential equation. In that case, the set of points is much 
smaller. 


THEOREM 1. Let K be a number field. Let f;,..., fn be meromorphic 
functions of order S p. Assume that the field K(f1,...,fy) has tran- 
scendence degree = 2 over K, and that the derivative D = d/dt maps the 
ring K [fi1,..., fw] into ttself. Let wy,..., Wm be distinct complex num- 
bers not lying among the poles of the f;, such that 


Fi(w,) Ek 


Homage ol, ...,N,andv== 1)...,m. Thenm = WplK : Ql. 


As corollaries, we obtain the transcendence of several types of classical 
numbers. 


Corouiary 1 (Hermite-Lindemann). Let a be an algebraic num- 
ber ~ 0. Then e* is transcendental. 


Proof. Suppose e® is algebraic. Let K be the field generated by a and e* 
over Q. Let f, g be the two functions f(t) = t and g(t) = e**. Then the 
ring K[f, g] is mapped into itself by D = d/dt, and f, g are obviously 
algebraically independent. We note that f, g also take on values in K at 
all numbers a, 2a,...,ma for m arbitrary large. This contradicts 
Theorem 1. 


Corouuary 2 (Gelfond-Schneider). Let a, 6 be algebraic, a ¥ 0, 1 
and B irrational. Then a® is transcendental. 
21 
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Proof. If a® is algebraic, let K be the field Seen over Q by a, B 
and a®. We apply Theorem 1 to the two functions e’ and e®* and to the 
set of integral multiples of log a (for any determination of the logarithm) 
to obtain a contradiction as in Corollary 1. 


The next two corollaries may be omitted by those who don’t know about 
elliptic modular functions. 


Corouuary 3 (Schneider). Let g be a Weierstrass function, with 
algebraic go, 93. If ats algebraic ¥ 0, then ¢(a) is transcendental. 


Proof. The argument is similar to the proof of Corollary 1, using the 
functions t, g(t), and the algebraic addition theorem for the g-function. 
If a happens to be a period, so a pole of g, then one may work with a/n 
for some positive integer n, and consider values of g at integral multiples 
of a/n which are not periods, and at which ¢ is therefore defined. 


Corouuary 4 (Schneider). Let 7 be algebraic with Im(r) > 0, and 
let j be the elliptic modular function. If j(r) is algebraic, then rT ts a qua- 
dratic imaginary trrationality. 


Proof. One can find a Weierstrass g-function having algebraic go, g3 
and the corresponding value j(7). Let K be a number field containing 
J2, 93, j(7) and 7. Consider the two functions f(t) = g(t) and g(t) = g(7t). 
They cannot be algebraically independent over K. Indeed, we have 
T = W2/w, (where we, w; are fundamental periods), and our functions 
take on algebraic values at all complex numbers ma, where a = w,/2 
and m is an odd integer. (We use this trick to avoid poles of g.) Itis a 
routine matter from the theory of elliptic functions to conclude that multi- 
plication by 7 maps the vector space generated over Q by the period 
lattice (w1, w2) into itself, and consequently that 7 is quadratic over Q, 
and is not real. 


The analysis needed to understand Corollaries 3 and 4 is covered in any 
text dealing with elliptic functions. We shall see later generalizations in 
higher dimensions. 

We emphasize, however, that the proof of Theorem 1 in §2 and §3 is 
completely self-contained and elementary, using nothing more of the theory 
of complex variables than the maximum modulus principle. The main 
part of the proof is given in §3, and in §2 we shall prove some simple 
preliminary estimates involving derivatives. 

The result of Theorem 1 is essentially best possible, without making 
further assumptions on the functions involved. For instance, e® takes 
on algebraic values at all zeros of a polynomial Q(t) with algebraic coeffi- 
cients, and there may well be a finite number of these. 
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§2. Estimation of derivatives 


Let 
Hy 3 LN) = DS &y)M ¥(T) 
be a polynomial with complex coefficients aj), in N variables 7;,..., Ty, 
and let 


OG. tn) = >) Pollan (T) 


be a polynomial with real coefficients = 0. We say that Q dominates P 
if |aw| S Bo for all (v), and we write P < Q. The following properties 
are then immediately verified. 

If Q; dominates P; and Q2 dominates P, then 


Py + Po <Q14+ 4:2 and PiP2 < Q:Q2. 


Furthermore, if D; (¢ = 1,..., N) is the 7-th derivative with respect to 
T;, and if Q dominates P, then 


DP < D2. 
Let P be a polynomial with complex coefficients as above. We let 
[P| = max |a| 


be the maximum of the absolute values of the coefficients. If the total 
degree of Pis S r, then 


Peet Tee: ae)’. 


Since it is easy to take the derivative of the right-hand side with respect 
to any variable 7, we have an easy way of estimating repeated formal 
derivatives of polynomials. 

Let K be a number field. 

Let S be a set of elements of K. We denote by ||S|| the maximum of the 
absolute values of all conjugates of elements of S. By a denominator for S, 
we mean a positive integer which is a common denominator for all elements 
of S. If P is a polynomial with coefficients in K, we let ||P|| and a denom- 
inator for P be defined in terms of the set of coefficients of the polynomial. 
We abbreviate denominator by den. 


Lemna 1. Let K be a number field. Let f,,...,fn be functions, holo- 
morphic on a neighborhood of a point w € C, and assume that D = d/dt 
maps the ring K[f1,...,fw] into itself. Assume that fi(w) € K for 
all 7. Then there exists a number C, having the following property. Let 
P(T;,..., Tn) be a polynomial with coefficients in K, of degree S r. 
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If we set f = P(fi,..., fn), then we have, for all positive integers k, 
|D'f(w)|| = ||Plir“KICT™. 
Furthermore, there is a denominator for D® f(w) bounded by den(P)C{*". 


Proof. There exist polynomials P;(7,,..., Tn) with coefficients in K 
such that 
Df; = IAG be see fn). 


Let 6 be the maximum of their degrees. There exists a unique derivation 
D on K[T,,..., Tn] such that DT; = P;(T1,..., Tv). For any poly- 
nomial P in K[T], we have 


N 
DPT, +.) Tx) = De DP) 2- es Dye ee) 
t=1 


where D,,..., Dy are the formal partial derivatives. The polynomial P 
is dominated by 
[PGS 2S — ie 


and each P; is dominated by 
Pa eae iy 
Thus DP is dominated by 
|P\lCord +7, +--+ + Ty)t. 
Proceeding inductively, one sees that 
D'P < ||\Piickr*et(a + 7, +--- + Py). 

Substituting values f;(w) for 7';, we have 

D*f(w) = D'P(fi(w),...,fv(w)), 


whence we obtain the desired bound on D*f(w). The second assertion con- 
cerning denominators is proved also by a trivial induction (even easier 
than the preceding one). 


§3. The main proof 


We now come to the proof of Theorem 1. Let f, g be two functions 
among f;,...,fn which are algebraically independent over K. Let r be 
a positive integer divisible by 2m. We shall let r tend to infinity at the 
end of the proof. 
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Let - r a 
F= E aif ‘9? 
not 
have coefficients a,; in Ix. Let n = r?/2m. We can select the a,; not all 
equal to 0, and such that 
D*F(w,) = 0 


for0 Sk <n andv=1,...,m. Indeed, we have to solve a system 
of mn linear equations in r? = 2mn unknowns. Note that 


mn/(2mn — mn) = 1. 


The size of the coefficients, and a denominator for them, are obtained as 
a result of Lemma 1. By Siegel’s lemma, we see that we can take the a;; 
such that 

size(a;;) S$ nlogr+nlogn+ (n+ r)C; 
S 2nlogn 


for n sufficiently large. 

Since f, g are algebraically independent over K, our function F is not 
identically zero. We let s be the smallest integer such that all derivatives 
of F up to order s — 1 vanish at all points w1,..., Wm but such that 
D°F does not vanish at one of the w,, say w. Then s 2 n. Furthermore, 
using Lemma 1, we find at once 


size D°F(w) S 5s logs 


for n (and hence s) sufficiently large. 

On the other hand, let 6 be an entire function of order S p, such that 
6f and 69 are entire, and 6(w) ¥ 0. Then 6?’F is entire. We consider the 
entire function 

a(t)"F() 


I] (é = Wy)” 


E® = 


Then E(w) differs from D*F(w) by obvious factors, bounded by C4s! for 
some constant C4. We use the maximum modulus principle to estimate 
E on a circle of radius R = s!/?*. On this circle, | — w,| has approxi- 
mately the same absolute value as R, and consequently, 
see 

Rms 


|E(w)| Ss |Elre S 
We therefore obtain the estimate 


log |D*F(w)| <= 4s log s — 5 ms log s. 
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Comparing this with the estimate for the size of D*F(w), we obtain at 
once m S 20p[K : QI, as desired. 


Note: We have made no particular effort to shrink the universal constant 
20, and with a little care, one can obviously reduce it to a smaller constant. 
But this is essentially irrelevant, since the interesting thing is that in special 
cases, using additional structure on the functions fi, ..., fv, we can elim- 
inate it altogether. 


§4. The exponential map on groups 


Let G be a group variety defined over a field K. Let T.(G) be its tangent 
space at the origin. We may view T.(G) as a vector space over any field 
containing K, but it has a basis defined over K, because one can define 
tangent vectors algebraically. 

Over the complex numbers, we can identify the tangent space with C? 
if d = dim G. Thus the exponential map 


exp: C? > Gc 


can be viewed as a complex analytic map from C? into Gc. Of course, we 
can perform any linear automorphism on C? and still have an exponential 
map. However, if we normalize this exponential map so that C? is ex- 
tended from a vector space over K, then any further freedom we have in 
making linear automorphisms is restricted to such automorphisms over K. 
In terms of matrices, this means that the matrix of such a linear auto- 
morphism must have coefficients in K. 

Finally, we observe that to normalize the exponential map as above is 
equivalent to saying that the partial derivatives 0/dt,,...,0/dtg (of the 
d complex variables t,,...,¢a) are defined over K, in other words map 
the field of rational functions K(G) into itself. 

Let V be a variety (algebraic, irreducible) defined over a field K. If P 
is a point of V with affine coordinates (x,,...,2,) then we denote by 
K(P) the field K(a1,...,%n). We say that P is rational over K if 
K(P) = K, algebraic over K if K(P) is algebraic over K, and transcen- 
dental over K if K(P) is not algebraic over K. 


THEOREM 2. Let G be a group variety defined over the field of algebraic 
numbers K. Let T, be tts tangent space at the origin, with its structure of 
K-vector space. Let a be a non-zero element of T. which is rational over 
K (2.e. algebraic), and let exp = expg be the exponential map on G, normal- 
ized to have algebraic derivative at the origin. Assume that exp(ta) is 
not a rational function of t. Then exp(a) is transcendental over K. 


(III, §4] THE EXPONENTIAL MAP ON GROUPS 27 


Proof. Assume first that G is a linear group variety, thereby admitting 
a global matrix representation over K. A tangent vector at the origin is 
simply a matrix M, and exp(M) is given by the series 


exp(M) = >) M*/p!. 
If B is an invertible matrix, then 
exp(B—'MB) = B™ exp(M)B. 


Assume that B is rational over K. We observe that exp(M) is rational 
over K if and only if exp(B~!MB) is rational over K. Any matrix M 
rational over K can be conjugated into a matrix consisting of blocks 


a 
? a =AleeN, 
ome: 2 


where a is algebraic, and N is a rational nilpotent matrix. Therefore 
exp(al + N) is equal to e*Z times a rational matrix, and is tran- 
scendental if and only if a # 0. Consequently, in the linear case, Theorem 
2 is equivalent with the transcendence of e* for algebraic a ¥ 0, which 
followed from Theorem 1. 

In general, G contains a maximal linear subgroup L such that G/L is 
an abelian variety A. Let 7: G— A be the canonical homomorphism. 
Then 7 is an algebraic mapping. Let a be the induced homomorphism 
on the tangent spaces at the origin. If asa = 0, then a is contained in 
the Lie algebra of LZ, and the theorem reduces to the linear case. If 
+a ~ OQ, then it suffices to prove that 


Wo expg(a) = expa ° T+(a) 


is transcendental on A, and our theorem is reduced to the case when G 
is an abelian variety. We note that in that case, the exponential map is 
always a transcendental function. For example, when dim A = 1, we can 
represent this map by the g-function, so that viewing A in the projective 
plane, we have 


exp(t) = (1, e(), e’()), 


in terms of projective coordinates. Thus when dim A = 1, our theorem 
was covered by Corollary 3 of Theorem 1. In this case, the normalization 
amounts to specifying that the invariants ge, g3 of g must be algebraic. 
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For arbitrary abelian varieties, we have the representation 
QO: Cc = Ac 


as a quotient of C%, by means of theta functions. A tangent vector at the 
origin is then represented by coordinates 


a= (iy ss ae 


and is algebraic if and only if all a; are algebraic. Our normalization of 
the exponential map means that the partial derivatives 0/dt; are defined 
over the field of algebraic numbers, and 


exp(ta) = O(ta). 


Thus in the case of abelian varieties, Theorem 2 can be formulated as 
follows. 


THEOREM 3. Let A be an abelian variety of dimension d, defined over 
the field of algebraic numbers K. Let 


@: C4 > Ac 


be the homomorphism given by the theta functions, inducing an 1tsomorphism 
of the complex torus onto Ac. Assume that the derivations 


/at; @ = 1,...,4) 


are defined over K. If a € C* is a complex vector ¥ 0 such that all a; are 
algebraic, then @(a) is transcendental over K. 


Proof. All algebraic objects in Theorem 3 are in fact defined over a 
finitely generated extension of Q, so that without loss of generality, we 
may replace K by a number field K (finite over Q). In particular, we may 
assume exp(qa) is rational over K, and so is exp(ta) for = 1, 2,...,m. 
We take m > 40[K : Q] (so that we can apply Theorem 1 later) and let 
these m points be w1,..., Wm. Let 


© = (00,..., On) 


be the projective coordinates of our map. We can find a suitable linear 
combination of 69,..., @v with coefficients in K which does not vanish 
at any of our m points, so that after a projective change of coordinates, 
we may assume that it is 99. We let f; be the meromorphic function induced 
by 6;/89 on the straight line ta in C, so that 


f;() = 0;/Oo(ta) 
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forj = 1,...,N. We note that each 0;/09 is an abelian function, holo- 
morphic at our m points. Since the partial derivative of a function is 
holomorphic at every point where the function is holomorphic, it follows 
that the ring 


K[41/0,... , On /8o] 


is mapped into itself by the partial derivatives 0/dt;(¢ = 1,..., 4d), 
because of our assumption that these partial derivatives are defined over 
K. But then D = d/dt maps the ring 


Klfi, -. + fv] 


into itself. 
The exponential map © cannot be an algebraic function, and hence 
the transcendence degree of the field 


Kit, fi), OG , iw(t)) 


over K is at least 2. We are now in a position to apply Theorem 1, with 
p = 2 to conclude the proof of Theorem 3, and therefore the proof of 
Theorem 2. 


Coro.LuaRy. Notation being as in Theorem 3, the periods of © are 
transcendental. 


Remark. As is well known, if exp: C? > Ge is the exponential map, 
then its inverse mapping, which should also be called the log in general, 
is none other than the abelian integral of vector-differentials of the first 
kind on G. Thus if P € Gc, then u = log P € C* means that P = exp(u). 
Different values of log P differ by periods of the exponential map. Varying 
G, e.g. taking for G the generalized Jacobian varieties of a curve, one 
obtains the various abelian integrals (of all three kinds), and Theorem 2 
says that (under the hypotheses stated there), if P is an algebraic point 
on G, then log P is transcendental. However, log P is a vector, and simi- 
larly, if a is algebraic, a # 0, then exp(a) has d local coordinates. In 
either case, one knows that at least one coordinate is transcendental. It 
becomes a difficult problem to determine whether all the coordinates 
(belonging to local uniformizing parameters) are transcendental. 

Theorem 2 expresses on group varieties a generalization of the tran- 
scendence of e* for a algebraic ~ 0. We can also express a generalization 
for the transcendence of «*. 


TueoremM 4. Let G be a group variety, defined over a number field, and 
assume that its exponential map can be represented by meromorphic func- 
tions of finite order. Let p: CG — Ge be a 1-parameter subgroup, normalized 
to have algebraic derivative at the origin. If there exists a point u € C, 
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u * Osuch that o(u) ts an algebraic point of G, then ¢ has algebraic dimen- 
sion 1, and ¢(C) is a 1-dimensional group subvariety of G. 


Proof. This follows from Theorem 1 like Theorems 2 and 3. 


We note that Theorem 4 applies to linear groups, abelian varieties, and 
products of these. The representation of the exponential map by mero- 
morphic functions of finite order is not explicitly in the literature for 
arbitrary group varieties, except in special cases (e.g. the Weierstrass zeta 
function which can be used to parametrize certain 2-dimensional group 
varieties, and Severi’s quasi-abelian functions). We note that one needs 
only to consider commutative group varieties, since the Zariski closure 
of the 1-parameter subgroup is commutative. 


Historical note 


Hermite proved the transcendence of e, and several years later, Linde- 
mann proved the transcendence of e* for algebraic a ~ 0 by an extension 
of the method of Hermite. This method involved constructing a function 
with high zeros, but was formally quite different from the one we have 
used, and we shall make comments on this again later. 

The method we have used is essentially the method of Gelfond and 
Schneider, used to prove the transcendence of a’, properly axiomatized 
and formulated. The differential equation and the addition theorem for 
the exponential function are used by both, and Schneider had made a 
partial attempt at axiomatization in [28]. However, Schneider’s formula- 
tion there was too special to be applied, say to abelian functions, and the 
arrangement of his proof is still comparatively complicated. 

Theorem 2 had been conjectured by Cartier, and was proved in [16]. 
The transcendence of the periods of abelian functions is due to Schneider 
[27], who had to devise an argument in several variables to get them. 
Because of our more general theorem on arbitrary algebraic differential 
equations, we can handle this result still as one involving only a single 
variable. 

Lindemann proved also a theorem on algebraic independence, namely, 
if a1,..., @m are algebraic, and linearly independent over Q, then 


are algebraically independent. This will be proved by Siegel’s method in 
Chapter VII. For the ordinary exponential function, Schanuel has made 
a very general conjecture, to the effect that if aj,...,am are complex 
numbers, linearly independent over Q, then the transcendence degree of 


ox ce 4 
Qy,.++,Am, 6 1,...,6% 


HISTORICAL NOTE ee » Bill 


zs at least m. From this statement, one would get most statements about 
algebraic independence of values of e’ and log t which one feels to be true. 
For instance, it has been conjectured for a long time (by anybody who 
has looked at the subject) that if 8), ..., Bm are non-zero, multiplicatively 
independent algebraic numbers, then 


IKoyig(e Pearman (e)-are pe 


are algebraically independent. Similarly, one could deduce the algebraic 

independence of e and 7r, by considering 
1 Ons, e, eo 

I would also conjecture that 7 cannot lie in the field obtained by starting 

with the algebraic numbers, adjoining values of the exponential function, 

taking algebraic closure, and iterating these two operations. It is an exer- 

cise to show that this follows from Schanuel’s conjecture. 

More generally, given a group variety G defined over a number field K, 
one can ask for the transcendence degree of the point (a, exp(a)), where 
a is a tangent vector at the origin, and exp is normalized as in Theorem 2. 
We shall discuss this question again in the next chapter, since it involves 
problems in several variables. 

Theorem 2 and Theorem 3 give a reasonably satisfactory beginning for 
the theory of transcendental points on group varieties—the main problem 
is to determine transcendence degrees. However, there is an interesting 
direction where the transcendence question is still open. Let V be a pro- 
jective, non-singular curve (variety of dimension 1) defined over a number 
field, and of genus 2 2. Let U be a disc, centered at the origin in C. 
Let ¢: U — Ve be the universal covering map, i.e. essentially the universal 
uniformizing map of the Riemann surface V¢, normalized so that the origin 
goes to an algebraic point, and the tangent map ¢’(0) is algebraic. One 
conjectures that if P is an algebraic point of the disc, ¥ 0, then ¢(P) is 
transcendental on V. As a side question, one can ask if the radius of the 
disc is transcendental. In this problem, as well as in Theorem 1, it is the 
normalization of the map which allows one to distinguish between alge- 
braic and transcendental points. 

When dealing with differential equations, the normalization can be 
taken to be algebraic initial conditions, and algebraic coefficients. We 
shall meet again such a situation in Chapter VII. However, not all classical 
maps satisfy a differential equation, and the study of automorphic func- 
tions from the point of view of transcendental numbers is barely begun. 

We conclude by returning to Hermite’s proof of the transcendence of e. 
This proof involves the continued rational fractions associated with the 
power series of e’. It is by means of these fractions that Hermite constructs 
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the function having a zero of high order. This is quite an interesting direc- 
tion, which relates the theory of transcendental numbers with the theory 
of diophantine approximations. So far, continued fractions have been 
developed mostly as a one variable theory, and hence are still not very good 
for generalizing Hermite’s proof to proofs of algebraic independence for 
other types of functions beside e’. There is no doubt, however, that eventu- 
ally one will have to have such a generalization, which will give quantita- 
tive results concerning classical transcendental numbers. These are known 
as measures of transcendence, and we shall return in greater detail to this 
point at the end of Chapter VI and Chapter VII, where such measures 
of transcendence will be obtained for some special numbers. 

Independently of transcendence problems, one can raise an interesting 
question of algebraic-analytic nature, namely given a 1l-parameter sub- 
group of an abelian variety (say Zariski dense), is its intersection with a 
hyperplane section necessarily non-empty, and infinite unless this subgroup 
is algebraic? This question arises in connection with Theorem 4 of 
Chapter II, and Theorem 3 of the present chapter. 


CHAPTER IV 


Functions of Several Variables 


$1. Partial differential equations 


We shall extend the main theorem of Chapter III to functions of several 
variables. 

We recall that an entire function of d variables g(U) = g(uy,..., wa) 
is said to be of order S p if there exists a constant C > 0 such that 


eis se 


on the domain |u,| < R for all sufficiently large R. A meromorphic func- 
tion will be said to be of order S p if it can be written as a quotient of 
two entire functions of order < p. If P is a point in C? and f a mero- 
morphic function of order S$ p we say that f is defined at P if we can 
write f = g/h where g, h are entire of order S p and h(P) # 0. 


THEOREM 1. Let K be a number field, f1,...,fn meromorphic func- 
tions of order S p ind variables. Assume that the ring K[fi,..., fw] ts 
mapped into itself by the partial derivatives D,,..., Da, and that its 
transcendence degree over Kis 2 d+ 1. Let S bea finite set of points in 
C? at which all the functions f, are defined, and such that f,(P) € K for 
all » and all PE S. Suppose in addition that after some change of co- 


ordinate system, the set S becomes a product 
S 1 x aes. x Sa; 


where each S; is a set of m distinct complex numbers. Then 
m = bp [K : Q] 


with a constant b depending only on d, and easily estimated. 


The proof of Theorem 1 will follow the pattern of the one dimensional 
proof. We begin by preliminary remarks on estimates of partial deriva- 
tives and integrals. 
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§2. Estimates of derivatives and integrals 


We have the analogue in several variables for the estimate of Chap- 
ter III, §2. 


Lemma 1. Let K be a number field. Let f,,...,fn be functions of d 
complex variables, holomorphic at a point A in C%, and such that the ring 
K{fi, ..-, fn] is mapped into itself by the partial derivatives D,,..., Da. 
There exists a number C, having the following property. If Q(T1,..., Tn) 
is a polynomial in N variables with coefficients in IK, of total degree S 1, 
and if 

D = Di.--- Die 


is a differential operator of order k = k, +--+ + kg, then 


|D(Q( fi, .--,f))(A) |] S |lQl\r“e1ci*”. 


Furthermore, there is a denominator for D(Q(fi, . . - , fn))(A) bounded by 
den(Q)Cci*". 


Proof. The proof uses exactly the same kind of estimates as the proof 
for one variable, and the same kind of induction. We may therefore leave 
it as a simple exercise to the reader. 


Next, we discuss some applications of Cauchy’s formula. When deal- 
ing with functions of one variable, it was convenient to make one estimate 
using the maximum modulus principle. This argument does not extend 
to functions of several variables, but in the application we have in mind, 
we can use Cauchy’s integral theorem instead. For clarity, we recall some 
facts in one variable. Let S be a set of m distinct complex numbers, and 
let E(z) be an entire function of one variable z. Let R be a positive num- 
ber such that |y| < & for all y @ S. For each y € S, suppose given an 
integer A\(y) 2 0. Let 


Q@ = I[ & — »)™, 


yes 
and for each y € S, let 


ee) 
Q, (2) = @ — yp” = yx : 


Then Q¥ is defined and not zero at y. Let 
Aje=ataa ee * 
if A(y) 2 1, and 0 otherwise. Then 


Ae 4 = a = * 
aioe Q(z) dz = ri 2 ay) — 1)! A,(E/Q,)(y). 
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If we deal with a function of several variables, then we can form a 
repeated integral over a similar quotient, and obtain an analogous for- 
mula. We shall need a special case. 


Lemma 2. Let E(z1,...,2%a) be an entire function. Let each one of 
S1,..., S? be a set of m complex numbers. Let 
—— a/ 02;. 


Let o be an integer > 0. Assume that for all differential operators A of 
order S o and all points Y E 8S; X--- X Sq we have 


AE(Y) = 0. 
Let (4) = (\1,..., Aa) be a vector of integers = O such that 


Ma ha Oo 
and assume that 


A™E(A) £0 
for some Ain S; X--+ X Sq. Let 8; = 8S; — {a;}. Let 


QZ) = (a, — a;)"*"--- (ea — oa)***7 JT TEs — 9)™. 


t y;ESi 


Let R > |Y| for all Y. Then 


Heat aes = 2 1 AME(A) 
r! 


QZ) (2mi)? Q4(A) 
where the repeated integral 1s taken over |z;| = R, and 
QZ) 
Q4(Z) = ——_— oem —__ 
‘ (21 — a;)t"... (eg — aa) 


Proof. Taking the repeated integral and using the remarks we made 
above for one variable, we obtain a sum over vectors Y involving differ- 
ential operators. However, when evaluated at vectors Y, they will give 
only a zero contribution because of our assumption that AEH(Y) = 0, 
except for the term belonging to A, which is the only term for which a 
differential operator of order o + 1 will occur. Up to powers of 277 and 
factorials, this term is of type 


A (E/Q4)|z=a- 


Our lemma now follows from the next remark. 
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Lemma 3. Let E,, E2 be two functions holomorphic at a point A. As- 
sume that AE,(A) = 0 for all differential operators A of order So, 
and let A™ be an operator of ordera +1. Then 


A™ (EyE2)(A) = A%E,(A) - E2(A). 


Proof. Using repeatedly the rule for the derivative of a product, with 
respect to A;,..., Aga, we find that all terms will be 0 except the term 
which applies all the differential operations to H; and not to Hy. This 
yields what we wanted. 


§3. The main proof 


We carry out the proper part of the proof of Theorem 1, and follow the 
same pattern as the proof of Theorem 1, Chapter III, taking into account 
the additional parameter d. Constants depending only on d will be denoted 
by 61, bs,... Constants depending on K, f,,...,fy and S will be de- 
noted by ci, C2,... . 

For any positive integer n, we have 


bint < (" 2) < bon’. 


For convenience, we assume that be is the d-th power of an integer. 

Let f1,...,fn be our functions in d variables U = (uy,..., ug). We 
let D; = 0/du;. Say fi,...,fa41 are algebraically independent over K. 
Let r be a large integer, which will tend to infinity later, which is a d-th 
power of an integer, such that r'/¢ is divisible by 2mby. Let 


, oe Gott fae 
have coefficients a,;, in Ix, the sum being taken for 
O85 2y,. 2 eq Sor 
We can select the coefficients a,;, not all equal to 0, and such that 
DF(P) = 0 
for all differential operators D of order at most 


ptt lid 


n= 
b3!"2m 


and all P € S. We have to solve a system of linear equations in r?7? un- 
knowns, and the number of equations is at most bgn¢’m? < r2+1/24, Using 
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Lemma 1, we see that the size of the coefficients, namely the size of the 
expressions 


D(fi- ++ fet (P), 


is bounded by br log r for r sufficiently large (with respect to the data of 
the theorem). By Siegel’s lemma, we can solve our linear equations with 


size(a)) S bar log r. 


Since the functions f1,...,fa41 are algebraically independent over K, 
it follows that F is not identically zero. 
Let o be the smallest positive integer such that 


DF(P) = 0 


for all differential operators D of order S o and all PES. Theno = n 
and there exists a d-tuple (s) = (s8,,..., 8g) such that 


Ge <i Se — Od, 
and 
D® F(A) # 0 


for some A in S. By Lemma 1, 
size D® F(A) < bso logo, 


for n, and hence g, sufficiently large. 

We shall now estimate one conjugate of D“’ F(A) using Lemma 2. 

Let B be the d X d matrix giving the change of coordinates mentioned 
in the theorem, so that U = ZB, and Z = (21,..., 2a), both U, Z being 
row vectors. Then 


F(U) = 9:(Z) 


F(U) = F(ZB) = GZ). 


and 


We let A; = 0/dz;. Then there are linear combinations Z,,..., Lg of 
Ay,..-, Ag with complex coefficients such that 


D,F(U) = L:G(Z), 
and hence 
D@F(U) = L® G(Z). 
We can write 
L® = Lit +++ Lit = D7) fay Alt + Aa" 


with complex coefficients &a) and Ay +--+: +Ag=o+l. 
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Let A be the point in Sy X--- X Sa corresponding to A under the 
linear transformation. We then have 


D F(A) = LG(A) = DY) oy AY + + AGA). 


We let Y range over S; X --+ X Sq (the transform of S under our linear 
transformation). Since no point of Y lies in the poles of the functions 4;, 
we can find an entire function 6 of order < p such that 6(A) ¥ O and 
6g; is entire of order S$ p. We let 


H(Z) =e OZ), 
Then 
E(Z) = G(Z)H(Z) 


is an entire function, and H(A) ¥ 0. Furthermore, 
AE(Y) = 0 
for all differential operators A of order < oa, and by Lemma 3, 
AV E(Y) =A" GO)HW). 


By Lemma 2, we obtain 


N a \Q4(A)| ies E(Z) | 
A™G(A) S M(27) |H(A)| jz dZ|» 


taking the repeated integral on the circles of radius 


jf = gil@tbe 


We can easily estimate the integral, and see that 1/Q(Z) gives essentially 
a contribution bounded by 1/R”®’ as soon as o is large enough with re- 
spect to the points Y. One can also estimate E(Z) and one finds a bound 
of type 

IEZ)| < ct < of 


for o sufficiently large. 
We therefore find 
log |A™ G(A)| < 20 logo — mo log R, 


whence, estimating the &,), the number of terms in the sum expressing 
LG(A), and H(A), Q4(A) in a trivial manner, we find 


mo log a 


()mrA)) — (8) yee 
log |D*"F(A)| = log |L™'G(A)| S 2 loge — Gay, 
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Comparing this estimate with the size of the element D“ F(A) in K, we 
conclude that 
m S bp[K : Q] 


for some constant b depending only on d, thereby proving Theorem 1. 


§4. Applications 


We begin by a weak version in higher dimensions for an analogue of 
Theorem 4, Chapter IT, §4. 


THEOREM 2. Let G be either an abelian variety, or a linear group vari- 
ety, defined over a number field. Let 


g: Ct Gc 


be a d-parameter subgroup, normalized so that the derivative at the origin 
is algebraic. Let T be a subgroup of C% containing at least d linearly in- 
dependent points over C. If g(T) ts contained in the group of algebraic 
points of G, then ¢ has algebraic dimension d, and ¢(C*) is an algebraic 
subgroup of dimension d. 


Proof. The assumption that the points of I are linearly independent 
over the complex numbers allows us to change coordinates in such a way 
that they become a product. In the present case, we obtain oo? points in 
C? at which our functions take on algebraic values. In the case of abelian 
varieties, we dehomogenize the projective map at a product of m such 
points with m large, with respect to the new coordinate system. We can 
then apply Theorem 2 directly. 

It would. be very desirable to have a version of Theorem 2 in which the 
map ¢ is not necessarily normalized with respect to the derivative, but 
which allows a subgroup with sufficiently many independent points over 
the rationals. Cf. the historical note. 

Next we shall obtain an analogue to the transcendence statement con- 
cerning the modular function given in Chapter ITI. 

Let A be an abelian variety defined over the number field K. Let 


@:Cc? > Ac 


be a representation as a quotient of complex d-space. We assume through- 
out that our representation is normalized so that the derivative of © at 
the origin is defined over K. Let 2), ..., Q24 be fundamental periods, and 
let 2 be the d X 2d matrix of periods, viewing the Q; as column vectors. 
Let P be a principal matrix such that 2 and P satisfy the Riemann rela- 
tions. After making an integral change of coordinates, we can assume that 
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P has the usual canonical form 
0 D 
e=(5 0): 

Then 2 = (W,, W2), where each W;, We is ad X d matrix, and W, is 
invertible. In the theory of moduli, one takes an integral matrix multiple 
of Wy7!W, as the moduli point associated with the abelian variety in the 
Siegel upper half space Hg. Our next theorem is concerned however with 
W.W7!. The relation between W7!W, and W2W,’ is not clear. 


Turorem 3. Let A be as above, and also ©: C4 —> Ag, as well as the 
period matrix Q, normalized so that the principal matrix has the usual 
canonical form. Let T = W2W !. If T is algebraic, then T (viewed as 
a linear transformation) maps the period lattice tensored with Q into ztself. 

(When d = 1, then T = 7,W, = a, We = we in the usual notation.) 


Proof. Let (VU) = O(TU) and assume that T is algebraic. After ex- 
tending K if necessary, we may assume that all components of T lie in K. 
We view U asa vertical vector for this proof. Then Q;,..., Qg are periods 
for © and 0, and generate a lattice such that for any point P in this lattice, 
@(P) and @(P) are points of A rational over K. A change of basis in C? 
transforms lattice points into a set of points as in Theorem 1, namely 


(J igrameie ta) 0 Ss di < m. 


Taking m sufficiently large, we dehomogenize the projective maps ® and 
© to obtain two rings of functions 


K(f, Deo 0 » Fn] and K{91, cho Gf) gu] 


giving corresponding maps into affine space and defined at the above 
points. Applying Theorem 1, we conclude that the product map 


(8, @): Cc? > Ac X Ac 


has in fact dimension d, i.e. that & is algebraic over ©. For some integer 
r, it follows that ®(rU) is rational over @(U), and hence that all periods 
of @(U) are also periods of 6(rU). Hence T maps the period lattice ten- 
sored with Q into itself, as was to be shown. 


Historical note 


Schneider was the first to consider the transcendence question for func- 
tions of several variables in a special case [27], and as we have said earlier, 
proved that the periods of algebraic abelian integrals of the first and second 
kind are transcendental. He uses Cauchy’s formula, and the technique of 
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repeated integrals is taken from his paper. The results of this chapter are 
taken from [17], and generalize Schneider’s results. 

He also makes a comment on the moduli point, and presumably had 
something like our Theorem 3 in mind ([27], page 113, top), but there is 
some confusion about the matter, in view of the fact that we find W.Wy;! 
and not Wr Ws. 

Functions of several variables have of course divisors of zeros (not 
isolated points), and thus in investigating other types of sets S on which 
such functions take on algebraic values, one meets genuine difficulties in 
putting natural conditions on S. For instance, the functions 21, 22, e71~*2 
take on algebraic values whenever 2), 22 are algebraic and z} = 2». Fur- 
thermore, already in one variable, there may be certain collapsing in 
transcendence degree, since the functions 


t ,t2 
iy Gon On 


have values in a field of transcendence degree 1 whenever ¢ is an integer. 

In extending Theorems 1, 2, 3, one has the following possibilities. 

First, a suggestion of Nagata, that the set S in Theorem 1 may be 
described as contained in a hypersurface (algebraic). This would be a 
good way of eliminating the unnatural condition that S be a product. 
(One would also need to bound the degree of the hypersurface.) 

Second, even though we know that the vector periods of abelian in- 
tegrals are transcendental, this means only that at least one component 
is transcendental. It is therefore desirable to have stronger theorems, 
giving the transcendence of each component. In this direction, the Rie- 
mann relations give significant examples of degeneracy, as follows. Let 
C,,...,Cm be elements of complex d-space, which are linearly indepen- 
dent over .Q. Let A be an abelian variety of dimension d defined over a 
number field K, and assume that its ring of endomorphisms is trivial. In 
particular, A is simple. Let 


&,,:C"™ — AZ 


be the mapping given by ©,,(f) = (O(tC;),..., O(tCm)). Thus ®, is 
the exponential map passing through the vector (Cy,...,Cm). We con- 
tend that this map has algebraic dimension md, i.e. that it 1s Zariski-dense 
in A™. We prove this by induction on m. For m = 1, it follows from the 
simplicity of A. Assume it for m. If the dimension of the map with 
m + 1 factors is not d(m + 1), then ®,,,1(¢) is contained in an abelian 
subvariety of A”*+! whose projection on the first m factors is A”, and 
which is algebraic over A”. There exists an integer r ~ 0 such that 


O(rtCm +1) 


42 FUNCTIONS OF SEVERAL VARIABLES 
is rational over ®,,(é), i.e. 
(@(tC1), sree es OC), O(rtCm+1)) 


lies in an abelian subvariety B of A”*! which is isomorphic to A” under 
projection, and whose projection on the last factor is A. Hence there 
exists a homomorphism of A” onto A, and since A has only trivial endo- 
morphisms, there exist integers 71, ..., 1m Such that 


O(trC mar) = 7100C1) +--+ + rn O(n). 


This implies that 
TC m41 = Cy + el is Fan wis 
a contradiction. 

We apply the above to the 2d periods 0;,...,Qag¢. The dimension of 
the map ®2q is then 2d”, but the period (91, ..., Qa) is mapped onto 0 
by ®og. According to the Riemann relations, the transcendence degree 
of the period matrix cannot be 2d?. 

(On the other hand, observe that the Riemann relations do not give a 
counterexample for the transcendence of the components of a basic period 
vector.) 

One may raise the question whether such degeneracy can occur in the 
case of a simple abelian variety, possibly under the additional assumption 
that the ring of endomorphisms is trivial. In other words, suppose that 
A is a simple abelian variety. Let a be a non-zero algebraic tangent vec- 
tor (i.e. an element of C? which is algebraic). Then one may ask whether 
the transcendence degree of the point (a, O(a)) in C? X Acis = d. 

It would be desirable to have a general conjecture also for products. 
For instance, if A has dimension 1, and our mapping is represented by 
the Weierstrass function with algebraic go, g3, let w1, w2 be two funda- 
mental periods. If A has no complex multiplication, then it is reasonable 
to expect that w,, we are algebraically independent. One would see this 
by looking at the representation of A x A as a quotient of C?. 

For the period matrix itself, Grothendieck has made a very interesting 
conjecture concerning its relations, and his conjecture applies to a gen- 
eral situation, as follows. Let V be a projective, non-singular variety 
defined over the rational numbers. One can define the cohomology of V 
with rational coefficients in two ways. First, by means of differential 
forms (de Rham), purely algebraically, thereby obtaining a vector space 
Hais(V,Q) over Q. Secondly, one can take the singular cohomology 
Ayging(V, Q) with rational coefficients, i.e. the singular cohomology of the 
complex manifold V¢. Let us select a basis for each of these vector spaces 
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over Q, and let us tensor these spaces over C. Then there is a unique 
(period) matrix Q with complex coefficients which transforms one basis 
into the other. Any algebraic cycle on V or the products of V with itself 
will give rise to a polynomial relation with rational coefficients among 
the coefficients of this matrix. Grothendieck’s conjecture is that the ideal 
generated by these relations is an ideal of definition for the period matrix. 

We observe that one can also consider group varieties which are not 
complete, and that the transcendental parametrizations of these are the 
inverse maps of abelian integrals of various kinds. The transcendence and 
algebraic independence of values of abelian integrals thus appears as a 
question on the inverse mapping of the general exponential map on group 
varieties, i.e. as the algebraic independence of logarithms in an extended 
sense. This would be the case for instance for the integral 


1 
1 
f paee 3 (ioe? + 4) 


which appears at the end of Siegel’s book. Of course, this integral involves 
only the algebraic independence of ordinary logarithms (277 = log 1 and 
log 2). More generally, one can consider an intermediate case related to 
the Weierstrass zeta function (¢’ = —g), which, together with the g- 
function, parametrizes the group variety associated with integrals of the 
second kind by the map C xX C — G¢ given by 


(t,u) + (1, e@, g’(), u — ¢(@). 


This map has periods (w;, 71) and (wg, nz) (classical notation), and the 
Legendre relation 
miWo — Now, = 211 


is nothing but the Riemann relation for that case. 

Schanuel’s conjecture mentioned in Chapter III asserts that such ex- 
ceptions do not occur for the ordinary exponential function. It would be 
interesting to determine if there are other examples of degeneracy for the 
transcendence degree of the point (a, exp(«)) whenever the analytic curve 
exp(ta) has the correct dimension, other than those given by period 
relations. 

For abelian varieties, the transcendence degree is affected not only by 
the Riemann relations, but also by the existence of non-trivial endo- 
morphisms, or of algebraic cycles on the variety and its products. In any 
case, one is also led in this way to investigate the transcendence degree of 
points (a, y(«)), where 

vy: Hyg X C7 > Ve 
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is the uniformization of the variety of moduli V by means of the Siegel 
upper half space Ha, and complex d-space. 

In any case, the Riemann relations show that one cannot prove the 
algebraic independence of logarithms of multiplicatively independent 
algebraic numbers by “general” statements about entire functions. One 
must make use of the special properties of e’. 

Third, as we have already mentioned, one would like a higher dimen- 
sional version of Theorems 3 and 4, Chapter I, §3 and §4, corresponding 
to Theorem 2 of this chapter, but without assuming any normalization 
on the parametrization of the d-parameter subgroup. One then meets 
two difficulties in trying to extend the one-dimensional proof. First, a 
purely analytic difficulty which consists in formulating a suitable inter- 
polation estimate. The use of Cauchy’s formula does not seem to generalize 
without some new idea. In any case, it is obviously necessary to assume 
that the linear combinations of the log vectors of algebraic points with 
integer coefficients are essentially equidistributed. This leads to the 
second difficulty, much deeper than the first, namely to prove that such 
combinations satisfy this equidistribution property. This is a problem 
which by definition belongs to the theory of diophantine approximations, 
and at present is very much beyond any result which has ever been obtained 
in this theory. 


CHAPTER V 


Finitely Generated Values 


§1. The inductive technique 


Up to now, we have considered the problem of proving the transcendence 
of values of certain functions over the field of rational numbers. However, 
in cases of numbers like 


e+ 7 or e+ log 2 


we find that the number is a sum of values of two different types of 
functions (namely exp and log), so that the natural approach to the 
transcendence of such values is to prove that say e, w are algebraically 
independent. So far, such a result has eluded available techniques, but we 
shall point out a good possibility in this direction, and obtain partial 
results. We work out a special case first. The general case will involve 
only additional technical complications. 

Let x be a complex number, transcendental over Q. For any polynomial 
P(x) € Z[x] with integer coefficients, we define 


size P(x) = max(deg P, log |P|). 


Let 7 be a number 2 2. We shall say that z is of transcendence type S T 
if for all polynomials with integral coefficients, we have 


— (size P(x))” « log |P(a)|. 


This is a natural extension of the formula stated in Chapter I for algebraic 
numbers (in that case, 7 = 1). From Dirichlet’s box principle, one sees 
that one can never take r < 2. (Our definition is adjusted to the method 
for which it will be useful. Since our results are only partial, a refinement 
of the method will require a corresponding refinement of the definition, to 
prove more refined results.) 

To estimate products of polynomials, we note that 


n 
size(P1---P,) S 8 be size P;. 
41=1 
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This is trivially proved, because P; -- + P, is dominated by 
[gS Ri |) es, 
where d; = deg P;, and hence 
[Pyes+ P| S 1Py) a Pos ae 


whence our estimate follows. (The absolute value around P; means of 
course the maximum of the coefficients, and is to be distinguished from 
|P;(x)|, taken in the complex numbers.) 

We illustrate the generalization of the technique of Chapter I by a 
simple statement. 


THEOREM 1. Let 6;,..., Ba be complex numbers, linearly independent 
over Q. Let 21,...,%m be complex numbers linearly independent over Q. 
Let x be a complex number of type S 7. If dm 2 t(m-+ d) then not all 
values 

fi (= 1,...,d and y=1,...,m) 
can lie in the field Q(x). 


Proof. For simplicity, assume that all values above are polynomials, 
in Z[x]. (In the general case, one has merely to clear denominators through- 
out the proof.) Let n be a large integer, and let r be approximately equal 
to n™?, up to a constant factor. We form the function 


F(t) = 3 Acgyxietigh Fit +. etaBat 


with 
LS ger tg ee and Saya = Tr, 


with integer coefficients a,;), not all zero, such that F has a zero at all 
numbers 

a kya, +---+ knem 
with 


We have to solve linear equations, and for each (k), substituting k - z for 
t in F(t), we obtain a polynomial in x with integer coefficients. Trivial 
estimates show that the degrees of these polynomials are << rn. Thus 
the number of linear equations, bounded by the number of (k) times a 
bound for the degrees, satisfies 


number of equations < rn™+!, 
On the other hand, 
number of variables = nr?*?, 
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Thus our choice of r guarantees that the exponent in Siegel’s lemma is 
constant. Simple estimates show that the coefficients of our linear equa- 
tions satisfy 

size of coefficients < nr. 


Hence we can solve our equations with integers a,,) not all 0, of size « nr. 
We then let s be the largest integer such that F(k-z) = Oforl Sk, S 8, 
and let w = k-z with some k, = s + 1 be such that F(w) ¥ 0. Then 
we estimate 

; F(t) <i 

Fw) = =~ w—k-z 

(w) Te rae Neca! 
using the maximum principle on the circle of radius R = s!t'/4, We 
find that the quotient of the products pulls towards zero with a strength 
at least 


1 im 
qs log s, 


whereas the numerator pulls to infinity with a strength at most 
a a ala 
This is safely smaller than the strength of the denominator, and we obtain 
log |F(w)| « —s”™ log s. 
On the other hand, simple estimates show that 
size F(w) K sr « gmat, 


the size being of course the size of the polynomial in x. By assumption, we 
must have 
—(grlathr & —s"™ log 2, 


which contradicts our assumption on m and d. 


We observe that in Theorem 1, we must always have d > 7, and that 
if we do, then we can choose m sufficiently large so that the condition 
dm = t(m-+ 4d) is satisfied. For instance, if r = 2, we can take d = 3 
and m = 6. 

We shall see in the next sections that one may deal with any finite 
extension of a field Q(x) and obtain a similar result. This is a matter only 
of technique, as is the generalization to finitely generated extensions 
Q(21,...,%q y) with algebraically independent 21,..., 2%, and y alge- 
braic over Q(z). One then has to assume a transcendence type for the 
elements (x), and the pattern of the proof is the same. 
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If instead of Q(x) we deal with a finite extension of Q(x), then we see 
that Theorem 1 yields a result on algebraic independence, namely one of 


the values 
efi zy 


is algebraically independent from x. Thus a theorem like Theorem 1 yields 
an inductive procedure for algebraic independence results. However, it 
is very imprecise, even more so than the analogous Theorem 1 of Chapter 
II, where we already mentioned the desirability of shrinking 3 to 2. It 
seems that to go deeper, one must refine the notion of transcendence type, 
and load the induction hypotheses much more than we have done, in addi- 
tion to changing something in the structure of the proof. A discussion of 
this problem is best postponed until the end of Chapter VI, in the light of 
Feldman’s results. 


§2. Transcendence types 


Let K be a subfield of the complex numbers, finitely generated over Q. 
Suppose that we write 


K = Q(x1, sey Xqy Y); 


where 2,...,%g are algebraically independent, y is algebraic over Q(z), 
and is integral over Z[z,,...,2,] = Z{z]. One can always find such 
generators, and a set (x, y) satisfying these conditions will be called a 
proper set of generators. : 

With respect to such a proper set (x, y), we define the szze of an element 
of K as follows. We do it first for polynomials, i.e. elements of Z[z]. If 


a= 3 ez? Sages aie = P(a) 
with coefficients c,;, € Z, we let 
size(a) = max(deg P, log |e,;y|). 


Thus we let the size be the maximum of the degree of P and the logs of 
the absolute values of the coefficients. We shall also call it the size of P, 
and write it o(P). 

Next, let a € Z[x, y]. Then we can write 


a = Po(x) + Pi(x)y +--+ + Py-i(z)y"}, 
where Po(x),..., Py—1(x) € Zz], if N is the degree of y over Q(z). We 


define 
size(a) = max sizes Po(x),..., Py_4(2). 
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Finally, if Y is an element of K, we say 
size(Y) S B 


if Y can be written as a quotient Y = a/8 with a € Zz, y], B € Zz], 
such that size(«), size(8) < B. Thus the size of an element of K is defined 
in a natural way, similar to our definition of the size of an algebraic number. 


Lemma 1. Let the notation be as above. There exists a number c > 0 
(depending on x, y) such that, if a1, ..., @m are elements of K, then 


size(a,--+ am) < c(size(a,) + +++ size(am)), 
size(ay + +--+ am) S c(size(a}) +--+ + size(am)). 


Proof. We first prove the first statement for polynomials in Z[z]. If 
P,(x),..., Pm(x) are such polynomials, of degrees d;,...,dm respec- 
tively, then their product is dominated by 


Pi(T) +--+ Pa(T) < |Pil-++|Pmi(Q + Ti +--+: + 7,)at +4 


and if we expand out the power of (1 + 7; +--- + 7,) on the right, 
we see that the coefficients are bounded by 


cits +d 
for some constant c. Taking the log yields what we want. 
Next, suppose that our elements a1, ..., @m are written 
= Pyi(z) +--+ + Prw_ila)y* 
fork = 1,.«..,m. Introduce a new variable 7,41, and let 
Ax = Pe(T) +--+ + Pew—i(T)Toyt 


Then the product A,(7T)--- Am(T) is dominated in the same way that 
we argued previously for polynomials, by a sum 


Pee eee er... are 


and 741,...,%41 S di t+---+dn+N. Let g(Y) be the irreducible 
polynomial of y over Z[zx], with leading coefficient 1 since we assumed y 
integral over Z[x]. For each 7 we can write 


Y* = g(Y)h.(Y) + r:(Y) 


with polynomial h;, 7; in Z[Y]. A simple induction, using long division, 
shows that the size of the coefficients of the remainder term 7;(Y) is 
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bounded by cd for some constant c. We substitute each such remainder 
term 7;(T',41) for the corresponding power of T;41 in our sum above, and 
thus see again that if we substitute (z1,...,2q) for (T;,..., 7) and y 
for 7,41, we obtain a bound for the size of the desired type. 

The second statement concerning the size of a sum is trivially proved 
from the first, putting all terms in the sum over a common denominator. 


It will be convenient to use the resultant in the next lemma. If 
(VY) = anY" + +++ + a0 
g(Y) = bnY™ + +++ + bo 


with indeterminate coefficients a;, b;, then 


an ere eee ao 
an eeeenee ao m 
An oe aaee ao 
RG, 9) = 
SRO CP bo 
pe nae bo a 
alos bee bo 
and this resultant is also equal to 
| Qo Y"ai 
ro ao Y"=3 
Gnttttee ao Yf 
Anrsetss ay f 
R(f, 9) = 
Peon og oo bo yr" 
bin 760 6s 8 bo Y"sn 
Deca el bo Yg 
bigs © = eae by 9 


If w is a complex number, and the coefficients a;, b; of f, g are taken to 
be complex numbers, with a,b, # 0, then we obtain, substituting w for 
Y in the second determinant, 


| IRF, ol S A+ [wl)™*" ({f(w)| + lo@w)|) fll @nt ny. | 
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Lemma 2. There exists a constant c > 0 such that for alla ¥ 0 in K 
we have size(a) S c: size(1/a). 


Proof. Without loss of generality, we may assume that 
a = Pi(z) +--+ + Py_i(z)y*— = fly), 


where P,,..., Py_—, are polynomials with integer coefficients. Let g(Y) 
be the irreducible polynomial of y over Z[z]. Since f(y) ¥ 0, the resultant 
of g and f, which is an element of Z[z], is not zero. Let P(x) be this resul- 
tant. Then 


P(x) = R(f, 9) = Af + Bg, 


where A, B are polynomials, elements of Z[x][Y]. From the expression of 
the resultant as a determinant, and from Lemma 1, it is trivial to see that 
the size of the coefficients of A and B (in Z[z}) is bounded by ce: size(a) 
for some constant c. Furthermore, the degree of A in y is bounded by a 
constant depending on N. Substituting y for Y in our expression for the 
resultant, we find that 


P(x) = A(y) fy), 


and thus a~! = A(y)/P(x). From the preceding remarks, we find that 
size(a—) « size(a). 

We shall say that K has transcendence type S r (for some number 
T = 2) if there exists a proper set of generators (x, y) such that, with 
respect to this set, for every non-zero element a € K, we have 


—(size a)” < log |al. 


LEMMA 3. Assume that Q(x) has transcendence type S 7, with respect 


to (x). If y is a generator of K over Q(x), and y is integral over Z[x}, then 
K has transcendence type S rT with respect to (x, y). 


Proof. Write each a € K, a ¥ 0 in the form 


1 Z 1 
a(x, ¥) = pay (Pole) +--+ + Pray") = pest), 
where P, Po, ..., Pn—, have size S o,, and 


log |a| K —ego% 


for some positive number c,. If the assertion of our lemma is false, then 
we can find a sequence of numbers a for which c, tends to infinity. Multi- 
plying a by P(x), and observing that |P(x)| < c’« for some constant c, 
we see that, without loss of generality, we may assume that P(x) = 1. 
Let g be the irreducible polynomial of a over Z[z], and let Q.(z) = R(f, 9) 
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be the resultant of f and g. Using the estimate for the resultant, resulting 
from the determinant expression, we find 


\Qa(x)| = lalc? 


for some constant c. Again, the determinant expression of the resultant 
shows that 
size Q,(x) <K size a. 


Hence we obtain 


log |Qa(«)| <K —caoz K —Ca(size Qa(x))’. 


This contradicts the fact that the field Q(x) has transcendence type S T 
with respect to (x), and proves our lemma. 


The preceding lemmas show that working with a finite extension of the 
pure transcendental field Q(x), from the present point of view, is essentially 
no harder than working with Q(z) itself, involving only routine polynomial 
technique. In particular, the result of the preceding section would hold 
just as well for such a field K. We shall formulate it more generally in 
the next section. 


§3. Algebraic independence 


We have all the tools to extend the definitions and results of Chapter II, 
§2 to the case of functions taking values in a finitely generated field K, of 
transcendence degree g and transcendence type S 7. We always assume 
thatr 2 q+1 2 2. 


Let 
be again a set expressed as a union of subsets S,, with S, C 8,4, for all 
nm = 1,2,... We assume again that |z| < Cn for all ze S,. A mero- 


morphic function f defined on S, of order S p, with values in K, is said 
to be of arithmetic order < p on S if there is a constant C = 1 such that 


the following conditions are satisfied: 
AO 1. For all n and z & S,, we have size f(z) S Cn’. 


AO 2. There is an entire function h of order < p, such that hf is entire, 
h has no zero in S, and for all n, z € Sp, 


log |1/h(z)| S Cn’. 


Observe that the statements of AO 1 and AO 2 are identical with those 
of Chapter II. 


IIA 
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THEOREM 2. Let f1,...,fa be meromorphic functions, of order < p, 
defined on the set S as above, with values in K, and of arithmetic order < p 
on S. Let m be a number such that (m + d)r S m(d + q — 1). Assume 
that card(S,) >K n”™, forn—- wo. Then fi,...,f4 are algebraically 
dependent over K. 


Proof. Suppose that f;,...,fg are independent over K. Let » be as 
usual a large integer which will tend to infinity. Let r be approximately 
equal to 

nat leld+a—)) 


We form the function 


F= Qyoittt ... gietaph ... pha 
with 
es 0), es eae eT and LOS eins ta bors 


We require that F(z) = 0 for all ze € S,. This amounts to solving the 
usual linear equations, setting the coefficient of each monomial in (2) 
equal to 0. We have 


number of unknowns = r%(rn?)?. 
The degrees in (x) of the elements F(z) with z € S, is « rn’. Hence 
number of equations < n”’rn’. 


Our assumption on r means that the number of unknowns is approxi- 
mately equal to the number of equations, and thus that the exponent in 
Siegel’s lemma is bounded by a constant. The size of each F(z), with 
z € Sn, is also bounded by rn’, up to a constant factor. Hence we can 
solve for the coefficients a,;) so that they have size < rn’. 

Let s be the largest integer such that F(z) = 0 for all z € Ss, and let 
w € Sz41 be such that F(w) # 0. Then s 2 n and 


size F(w) < rs’. 


We estimate |F(w)| as usual, from the expression 


_ _ AO" FO Zs 
Pw) = mete —H Uw — 4), 
where h is a function satisfying AO 2 for each one of f},..., fa. We take 


the circle of radius R = s't!/42 (any s!t* would do). Then the entire 
function h(é)?’F(t) on the circle of radius R is bounded by 


log |h’ Flr K rR? K rsttlaoe <& gm, 
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On the other hand, the quotient of the two products in the estimate 
for F(w) pulls towards zero, and in fact 


TI(w — 2)| 
II@ — 2) 


The power h(w)* does not affect anything by hypothesis. Hence essen- 
tially only the product counts in the estimate for |F(w)|, and we get 


log max —s”? log s. 


lt]=R 


log |F(w)| «K —s™? log s. 
Now we get a contradiction of the inequality 
— (size F(w))’ < log |F(w)|, 


using our hypothesis relating m, d and 7 (the hypothesis was in fact made 
up so that at this point in the proof, we get the desired contradiction). 
This proves Theorem 2. 


Coro.Lary 1. Assume that we are given d > 7, and let m be such that 
m(d — r) 2 dr. Then with the other hypotheses of Theorem 2, the func- 
tions fi,...,fa are algebraically dependent over K. 


Corouuary 2. Let Q(x) be a purely transcendental extension of Q, of 
transcendence type S 7 for some integer r = 2. Let G be the general 
linear group, of some dimension, and K the algebraic closure of Q(z). 
Let ¢: C — Ge be a 1-parameter subgroup of G, of algebraic dimension d. 
Let T be a subgroup of C, containing at least m elements linearly inde- 
pendent over Q, such that o(T) C Gx. If m 2 dt, thend St 


Proof. As in Chapter I, the estimates for the exponential series are 
easily carried out, to show that Corollary 1 applies. 


Remark. One also wants a statement similar to Corollary 2 for abelian 
varieties. Everything goes through as in Chapter II, except that we used 
the Néron-Tate form to verify that condition AO 1 is satisfied, in the 
analogous situation. Here, the necessary verification has not yet been 
made. However we observe that the Néron-Tate form was a much more 
powerful tool than actually needed. All we need are upper estimates on 
the size of a sum of points on an abelian variety. This type of considera- 
tion belongs in a separate treatment of the problem on abelian varieties, 
which is purely algebraic. Note that it would admit the possibility that 
the abelian variety is defined over a finitely generated field, of finite 
transcendence type! 

Aside from the algebraic independence of e, 7 or e, log 2, or log 2, log 3, 
the next simplest case to treat is (a1), ~(a2), where aj, a are linearly 
independent over Q, and ¢g is a Weierstrass function with algebraic go, g3 
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such that the corresponding elliptic curve has only trivial endomorphisms. 
It may be that this would come from pushing further the ideas of Feld- 
man [4], some of which bear a vague analogy with Siegel’s, except that 
Feldman deals with the algebraic differential equation of the g-function. 
Feldman’s success with a certain inversion associated with the g-function, 
and this analogy, indicate that one may reach a proof of the similar result 
on abelian varieties, by a deepening of the method, still modelled on the 
usual pattern of constructing the function F with a lot of zeros. 


Historical note 


Gelfond proved a statement analogous to our Theorem 1 [13], but with 
the following substantial differences. To begin with, he does not make 
the assumption on the transcendence type of the field of values, and he 
uses the differential equation of the exponential function. Furthermore, 
he uses in an incidental way a measure of irrationality for exponents {;. 
Finally, he uses a very special feature about the exponential function, 
which makes it very unclear how to extend his proof to more general func- 
tions. On the other hand, in place of the transcendence type, he has the 
following theorem, valid for all numbers. (For a proof, cf. [21].) 


TuroreM. Let x be a complex number. Leto be a strictly monotone 
increasing real function tending to infinity, and assume that there is a 
number ao > 1 such thata(N + 1) < ago(N) for all integers N > No. 
Assume that for each integer N > No there exists a non-zero polynomial 
Fw with integer coefficients, such that 


|[Fv(2)| < e C7?) 
where C is a sufficiently large constant, and 
max(deg Fy, log |Fy|) S o(N). 


Then «x is algebraic. 


The difficulty about applying this theorem is that one needs very many 
polynomials F'y having small values at z. This means that, in an analogous 
situation to our Theorem 1, he must have a way of showing that the 
integer s is not too large, and in fact is about the same order of magnitude 
as the integer n. It is here that he uses the above-mentioned special 
properties of the function e’. In addition, other technical complications 
arise in the course of the proof. Thus in spite of much greater complica- 
tions, he still ends up only with partial results, as we do here. 

The method I use in this chapter is much simpler than Gelfond’s method, 
and has the additional advantage of showing clearly the inductive rela- 
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tionship between transcendence types and the possibility of proving 
results of algebraic independence. For instance, we could state Theorem 2 
for fields of transcendence degree > 1, whereas Gelfond could not state 
a similar theorem. Of course, the problem remains of proving that certain 
numbers have definite types, and to solve this problem, one expects a 
higher order of complication, of the nature encountered by Feldman in 
his papers (cf. Chapter VI). It then becomes clear that one must refine 
the notion of transcendence type, in a manner to be discussed at the end 
of Chapter VI. 

A transcendence measure for a number x is any function g of two vari- 
ables such that for all polynomials P with integer coefficients, P ¥ 0, of 
degree S d and height S h one has 


log |P(x)| 2 g(d, h). 


The problem of determining the best possible transcendence measures 
for classical numbers is by definition a problem in diophantine approxima- 
tions, which is thereby shown to be inseparable from the theory of 
transcendental numbers. 

As we said above, the result of this chapter is quite weak, and is only 
intended to show in a simple case the first example of an inductive pro- 
cedure which could eventually be used to obtain best possible results. 
It will then be necessary to refine the method of proof. This can come from 
the following directions: 


(1) Use linear inequalities, rather than the linear equations, which are 
extremely wasteful in the number of variables. Cf. Chapter VI, §3. 

(2) Use an improved transcendence measure. It seems that the whole 
inductive procedure is set up in such a way that only an extremely refined 
inductive assumption can lead to the proper result. We shall discuss in 
Chapter VI what such assumptions could be like. 

(3) Even using such assumptions, there is still something missing in 
the present structure of the proof, even using an algebraic differential 
equation, or for concreteness the functions ¢, e’. As far as I can tell, making 
any and all of these assumptions, it is still not possible with the present 
structure of the proof to derive a contradiction leading to the best possible 
conjecturable results. 


CHAPTER VI 


Transcendence Measures 


§1. The Liouville estimate 


We shall reformulate a somewhat more general result than the funda- 
mental inequality of Chapter I, §1, to deal with algebraic numbers whose 
degree is not necessarily fixed. 

If P is a polynomial with integer coefficients, we define its height h(P) 
to be 

h(P) = log |PI, 


Le. it is the log of the maximum of the absolute values of its coefficients. 
Similarly, if & is an algebraic number, and P is its irreducible polynomial 
over Z, then we define its height, 


h(&) = h(P). 
We define its absolute size o(£) to be 
o(£) = max(deg é, h(é)). 


We shall now reformulate the fundamental inequality of Chapter I, 
§1 to deal with the absolute size of an algebraic number. 


Lemma |. Let 
P(X) = ay(X = a3)>-> (X = ay), ag ~ 0 


be a polynomial with complex coefficients. Then 
d 
laa] [[ max(1, las) < 2°|PI. 
i=1 


Proof. Dividing both sides by |ag|, we may assume without loss of 
generality that ag = 1. We now use induction on the number of indices 7 
such that |e;| > 2. If la,| < 2 for all z, our assertion is obvious. Suppose 
now that 

P(X) = g(X)(X — a) 
57 
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with |a| > 2, and suppose that our assertion is true for 


g(X) = X* + bg_yX4-* + + ++ FE Bo. 
We have 
P(X) = X4t! + (bg_1 — a)X4 


+ (base 1a) Xe oo 


We can assume |g| = |b,| 2 |b;_,| for some z, 0 S$ ¢ S d (with the con- 
vention bg = 1, b.; = 0). Then 


IV 


[P| 2 lab: — b;-1] 2 fal |bs| — [Osa] 
|e| [bs] — [ds] = (la] — 1b; 


iV 


IV 


2|a| [bs] = lal |gl, 
and our lemma is now obvious, since |a| > 2. 


Remark. If in Lemma 1 we take a polynomial whose coefficients lie in 
a field with a non-archimedean valuation, then we have a similar in- 
equality without the factor 2¢. This is nothing but the Gauss lemma for 
valuations, and is trivially proved. In fact, we have the equality 


d 
laalp lf max(1, |a:|p) = [Plp 


t=1 


if | |p denotes a p-adic valuation. 


THEOREM 1. Let £1,..., &m be algebraic numbers, of degrees d,,..., dm 
and heights hy, ..., hm respectively. Let 
d = [Q(é1,-.-, &m) : Q). 
Let P be a polynomial in m variables X1,..., Xm, with integer coefficients, 
of degree N; in X;. If P(&1,..., m) # 0, then 


—al iP) +> wis +2)>° w,| = Wow P(h:, ..-, ep). 
i=1 


t—1 


Proof. Let P; be the irreducible polynomial of £; over Z, and let a; be 
its leading coefficient. Assume P(é) ¥ 0. Letj = 1,..., d be indices for 
the embeddings of Q(£) into the complex numbers. Since P(X,..., Xm) 
is dominated by 

|P|(. + X1)"*--- (1 + Xm)*™, 
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it follows that for each j, 


PCE, ..., EPO] [PIL + EPDM + [EDN 
Taking the product over 7 = 1,...,d and using Lemma 1, applied to the 
irreducible polynomials of &,..., £m respectively, we find 


ad . ™m 
IL P| s |P@| Pl? Tf eer eer. 
i=1 


j=l 


On the other hand, we let | |, denote the absolute value on the algebraic 
closure of the p-adic field Q,, and apply Lemma 1 in the p-adic case, using 
(j) to denote p-adic conjugates. We then obtain the similar estimate, 


d : ai 
I Po), s 


j=1 a 


A 
i = 


d 
II supa, |21,)”* 
ye! 4 


IIA 
es 


Jaret 


2, 
ll 
—s 


Since P; has integral coefficients, [Pil < 1, we can delete it from our p- 
adic estimate. Taking the product over Pall p, and over the ordinary ab- 
solute value, and using the product formula, we obtain 


< |P(®| IPI? TL aes. 


mel 
Taking the log gives the estimate of the theorem. 


We shall call the estimate of Theorem 1 a Liouville estimate. 


Coro.tuary. Let P be a polynomial with integer coefficients, and & an 
algebraic number. If P() #¥ 0, then 


—[deg(é)h(P) + (deg P)h(é) + 2 deg P] S log |P(é)|. 


§2. Polynomial and algebraic approximations 


Our next task is to investigate the relationship between polynomial 
and algebraic approximations. 


Lemma 2. Let P be a polynomial of degree d with integer coefficients. 
Then every factor Q of P over Z satisfies the inequality 


(Q| = 4°|P\. 
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Proof. Any factor Q of P over Z can be written in the form 


dy 
Q(X) = ba, [[ (X — a:,), 


v=1 
where a;, (v = 1,..., d) are roots of P, and bg, is an integer dividing aq, 
the leading coefficient of P. Then 
10] S [ba,l4? | P| < 4"|PI, 
ad 


as was to be shown. 


Corouuary. Notation as in the lemma, we have o(Q) S 30(P), whereo 
is the size, o(P) = max(deg P, h(P)). 


Proof. Obvious. 


The next lemma shows that given a polynomial with integer coefficients 
taking a small value at a number w, we can find an irreducible factor which 
also has a small value at w. 


Lemma 3. Let P(X) be a polynomial with integer coefficients, of degree 
d = 1, and let d be a positive number. If 


log |P(w)| < —ddo(P), 
then there exists an irreducible factor P, of P over Z of degree d, such that 
log |P;(w)| S —4Ad,o(P)). 
Proof. Factor P into a product of irreducible polynomials, 
Pee lg: 
Suppose that our assertion is false. Say 
log |P:(w)| > —4dd;o(P;) 


for? = 1,..., 8. Taking the sum, and using the Corollary of Lemma 2, 
we find 


log |P(w)| > —§(dio(P1) +--+ + d.o(Ps)) 
> —do(P)(da+ «<< +d) 
> —do(P), 


a contradiction which proves the lemma. 
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Lemna 4. Let 


be a polynomial with integer coefficients, ag ~ 0, and without multiple 
roots. Let w be a complex number, and let £1,..., &4 be the roots of P. Then 


min; lw — &| < |P(w)leS#0oed+ePr+4), 
Proof. Let &,..., &4 be so ordered that 
fw fl S++ S fo — Eel. 
Then for all 7 ¥ 1, we have 


[oO Eee ele; — €,|. 
Otherwise, 
jw — &| < $[f. — w| + aw — &,, 


which is impossible. Now we have 
|P(w)| = |aa] Jw — £:|---|[w — fa] 2 lw — &:[27***|P’( Er). 


We must therefore estimate |P’(£,)| from below. Note that |&,| < d|P| 
trivially. Using the fundamental estimate for the resultant, we get 


ieee yar -- dipi)e*|P’(t,)| (Plt P tea), 


whence the desired estimate follows at once. 

Remark. The estimate of the lemma is quite sharp in its dependence 
on d. Except for the constant 5 it is also sharp in its dependence on h. 
Variations of the proof can be given to eliminate the constant 5, as a 
coefficient of h(P), at the cost of making the dependence on d somewhat 
worse. 


THEOREM 2. Let w be a transcendental number, and let \ 2 1 be a 
positive function of two real variables. Then the following conditions are 
equivalent: 


TM 1. For all algebraic numbers & of degree S d and absolute size S a, 
we have 


log |w — &| > —A(d, oa) do. 


TM 2. For all polynomials P of degree < d, with integer coefficients, and 
size S a, we have 


log |P(w)| > —A(d, a) do. 
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Proof. Assume TM 1. To prove TM 2, we may assume by Lemma 2 
that P is irreducible over Z. By Lemma 4, we find 


log min |w — £,| K log |P(w)| + do. 


Using TM 1 to get an inequality on the left, we see that log |P(w)| sat- 
isfies the desired inequality. Conversely, assume TM 2. To prove TM 1, 
we need only a more trivial inequality than that of Lemma 4, namely if P 
is the irreducible polynomial of ~ over Z, then 


|P(w)| = |aal |w — &:]---|w — Eal, 
and since |£;| < d|P| for all 7, we obtain trivially 
log |P(w)| « log Jaa] + log |w — é| + do. 
Applying TM 2 yields TM 1. 


§3. Linear inequalities 


In order to make a function have small values at certain points, we shall 
need a substitute for the Siegel lemma, allowing us to solve linear in- 
equalities instead of linear equations. This yields finer estimates than 
Siegel’s lemma. 


Lemma 5. Let 
11(X) = 01121 Sy NR 2 


TO) — Ons at eo — 


be a system of linear forms with complex coefficients a;;, and n > 2r. 
Let A = 1 and |a;;| S A for all 1,7. Let B be a number = 1. Then 
there exists a non-trivial integral solution X of the inequalities 


IL(X)| s 4 and |X| < 2(8nAB)27/(—2”) 


for all 7. 


Proof. Assume first that the coefficients are real numbers, and only that 
n > r. We shall prove that we can satisfy the inequalities 


IL(X)| s ; and =s- [|X| S 2(4nAB)"/—, 


Yor any number C 2 1, the linear map L: Z” — R’ given by our linear 
forms maps Z”(C) into R’(nAC). Cut the interval 


—nC StS WAC 
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into [4n ACB] segments of equal length. Note that 
[4n ACB] = 2nACB. 


Then each small segment has length 


2nAC 2 2nAC 2 i 
[4n ACB] ~ 2nACB ~ B 


Then R’(n AC) is decomposed into [4n ACB]’ small cubes of sides < 1/B. 
In Z"(C) we have at least C” integral vectors. If 


C" > [4n ACB’, 


then there exist two distinct vectors Y, Y’ € Z"(C) such that L(Y) and 
L(Y’) lie in the same small cube. For this, it suffices that 


C > (4nAB)!°—, 


Then X = Y — Y’ satisfies our requirements. 

Now in the complex case, for each linear form with complex coefficients, 
we write down two linear forms, the real and imaginary parts, separately. 
This yields twice as many equations, whence the needed assumption 
n > 2r. Furthermore, if L’ is the real part of L, and L’” its imaginary 
part, we solve 


IL'(X)} $ 1/2B and ‘| L’"(X)| S 1/2B, 


so that we must replace B by 2B in our real result to obtain the desired 
bound in the complex case. 


$4. Interpolation estimates 


In the proof of this chapter, we shall not do as before, construct a func- 
tion with many zeros, but rather, we construct a function having very 
small values at many points. This means that the maximum principle 
cannot be used any more, and that we shall use an interpolation method 
to estimate the function, obtained from an application of Cauchy’s theo- 
rem. We state it as a separate lemma. 


Lemma 6. Let E be an entire function, and let 


Q(t) = [(t — 21) «++ (t — em)]! 


be a polynomial with distinct roots z,(v = 1, ..., m) of multiplicity I. 
For each vy = 1, ..., m we let 


—_—— I 
Qe (t) = (Gb — 21) +++ — &) +++ OE — end), 
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i.e. we omit the factor (t — z,)’. Let R be a positive number such that 
lz,| < R for all v, and let z be a number inside this circle, unequal to any 
z,. Let T be the circle of radius R. Then 


EE) _ 1 {| B®) _d& 
Q(z) = 2a , 208) ce 


1 en dag 1 dg 
—- > | piste) | eee 
ami 2 pe - 1 EME — 2) (F — a) 
where YT, ts a circle around z,, not containing z, and not containing any 
other 2,. 


Proof. We start with the formula given for one variable in Chapter IV, 
§2, and then expand the multiple derivative D'~'(EG) as a sum 


eae 
> (' : ') D*g. p'—-*g, 
k=0 


where @ is an obvious function. We then express each D’—!—*G(z,) by 
the usual Cauchy integral, and the desired formula comes out trivially. 


From our expression, we see that if D*E(z,) is small, then E(z) will 
also be small, i.e. we have obtained the technical equivalent of the esti- 
mates which we would have if # had zeros of multiplicity J at all points 
21,.+.,2m. Thus E(z) is bounded essentially in terms of 1/Q(¢), and 
D*E(z,). The other expressions entering in our formula play a secondary 
role in practice. We shall put this formula in a form which is best adapted 
for the applications we have in mind, also giving an estimate for deriva- 
tives of E (easily achieved using Cauchy’s formula). 


Lemma 7. Let the hypotheses be as in Lemma 6. Let 2 < R,; < R. 
Let 2’ be a complex number, distinct from z1,..., 2m, and assume that 
2’, 21,.-.+, @m lie inside a circle of radius R,/2. Let 5 be less than the 
minimum of the distances of any pair of distinct numbers among 

oo 2ipauin eee 
and also0 < 6 < 1. Then for any integer r = 0 we have 


= [(C1Ri/R)™|E|z + mi(i/s)™' max; |D*E(z,)|] 
1 


[D'E(’)| S$ 


where C, 1s an absolute constant. 
Proof. We have 
|D"E(z’)| S |D'E|r,. 
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We use the preceding lemma to estimate | D"E|r,, and begin by estimating 
|\E|r,, taking z on the circle of radius R, in Lemma 6. We estimate Q(z) 
on the circle of radius R,, and Q(¢) on the circle of radius R. Then for 
some universal constant C;, 


|Elz, S$ CT'(Ri/R)™ Ele + miCT'(1/8)™ max; |D*E(2,)|. 


To get the 7-th derivative, we use Cauchy’s formula, 


ae cele - Kit) dt 
D'E(2’) = a / ee nee 


\¢l=Ry 
and apply our estimate for |Z|z, to prove our lemma. 


In the applications, we must make two estimates to apply Lemma 7, 
corresponding to the two terms in the sum. 

The first will be small because of (R,/R)™, and will be determined by 
this expression. It is then necessary to verify that r! and C7’, as well as 
|E|z, do not tend to infinity faster than (R,/R)™ tends to 0. 

The second will be small because of max;,, |D*E(z,)|, and will be de- 
termined by these derivatives. It is then necessary to show that r!, C7, 
and (1/6)™ again do not tend to infinity faster than the absolute value 
of the derivatives involved. 


§5. A determinant 


Let f, g be two meromorphic functions of a complex variable. Let ¢;; 
be complex numbers, and let us form the function 


m—1 n—1 ae 
F= Dope cui s'- 


t=0 j=0 
Then 
m—1n—1 a, 
DF = De »D, vizD"(f"9’), 
i=0 j=0 
and 


D> (*) Be Deg 


xk=0 


If z is a complex number, yw an integer, such that f, g and their derivatives 
are defined at ux, we let 


k ° . 
abt = (4) Dy‘u)- Dyn) 


x=0 
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We shall assume from now on that f({) = ¢, and that 2 is a period of g 
and of its derivatives. We let g,,; =~D*g’(0). Then 


k 
TON eee : i= 
ALO (‘) wid ~ 1) +++ @ — K+ 1 “gees 
x=0 
is a polynomial in ¢, and 
: m—1n—1 k 
D'F(ux) = D7 Dd) es Avh@). 
i=0 j=0 
THEOREM 3. Let k, « be such that 


Osxsksn-—-1 and Os4npsm-—-ti. 


Let Ag = Det(9x;), and let 


1 0 rc ) 
] 1 eee 1 
Me 1 2 Son gm—l 


1 ee ere (mn — 1" 
be the Vandermonde determinant. Then 
Det |AR@| = B™™™—D at am. 
(Here, (i,j) indexes rows, and (k, 4) indexes columns. ) 


Proof. Since each A*:# is a polynomial of degree < 1, it follows that 


A(t) = Det APF) 
is a polynomial of degree S $mn(m — 1). We shall prove that 
A(t) = cf™nm—b 


for some constant c, and determine this constant. 
Let H = (H'!,...,H™) be an M x M matrix of functions, with 
column vectors H!,..., H™. Then for any integer s = 0, we have 


D* Det(H) = >) Det(D"H’,..., D™H™), 


(9) 


where the sum is taken over all (7) such thata, + ---+oy = s. This 
is trivially proved by induction. 
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We contend that D°A(0) = Oif s < 4mn(m — 1). Proof: Let M = mn. 
For any s withO S s < 4mn(m — 1), we have 


DRO) = >) Det(..., DA" @),...) = D> Detie,, 


(o) (c) 


where the sum is taken over (a) such that Sox, = s. We have, for any 
integer ¢ = 0, 


cr , ; « < . 
DAG) = ( ~ :) please eae 
0 : ifo > 1. 


If a term Detie) is such that, for some k, there exist wu; ~ we such that 
Cku, = Sku. = T, then we can factor out uj and pe from the (k, u,) and 
(k, we) columns respectively, and obtain a determinant in which two dis- 
tinct columns are equal. Thus Detiz) = 0. Hence the only non-zero 
determinants Dets) are such that ox,, # Cky, if wr # we. For such (a), 


m—t 


eos 


u=0 


Taking the sum over k, we find that if D°A(O) ¥ 0, thens = 3mn(m — 1). 


1omn(m—1) 


This proves the first part of our theorem, that A(t) = ct2 
We must now determine the constant c. For this, we need a formal 
lemma on determinants. 


Lemma. Let 
X= (5); i ee en | 
and 
Y = (Yu), 1,¢=0,...,m—1 


be two matrices of independent variables, and let 
X* VY = (xnjin) 


be the corresponding mn X mn matrix. Then 
Det(X * Y) = Det(X)” Det(Y)”. 


Proof. We may write 
LooY ZoiY +++ Lon—1¥ 
eons ary 
Det(X + Y) = Det| 70% = uF Tint 


Tee 1.0) Teeey ese ances se mee A 
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Subtracting a multiple of the first column from each other column, we 
find that the determinant of X * Y is equal to the determinant 


LooY 0 sec 0 
, é 
tias By ene 
Deg : At 
: ~ ae 
Peo we, ea! +s eee 


and by induction, we find 
Det(X * Y) = G(X) Det(Y)”, 
where G(X) does not depend on Y. By symmetry, it follows that 
Det(X * Y) = co Det(X)” Det(Y)” 


for some constant cy. Letting X, Y be the unit matrices, we see that 
Co = 1. This proves our lemma. 


Theorem 3 now follows at once from the lemma, if we simply take the 
determinant of the matrix obtained from Aj# by replacing each poly- 
nomial by its term of highest degree. It is then clear that the determinant 
c is of the type considered in the lemma. 


CoroLuary. Let f(t) = t and g(t) = e'. Let x = 24+/—1. Then 
Det |D*(f'g’)(ux)| * 0. 


§6. A transcendence measure for logarithms 


We shall illustrate a general method of Feldman by a special case, to 
see how accurate a result one can obtain under the most special hypotheses. 


THEOREM 4. For all d, h = 3 and all algebraic numbers & of de- 
gree <= d and absolute height < h, we have 


log |2a77 — é| > —d(dlogd + h) log(d log d + h). 
(The constant implicit in the symbol >> is an absolute constant.) 


Proof. Let c be a constant, taken sufficiently large with respect to the 
absolute constant C, of Lemma 7, and with respect to 27. Let \ be a 
parameter, of which we necd only that it is sufficiently large with respect 


toc. Finally, let h 
N = max (4, rae 


We may assume N sufficiently large with respect to X. 
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Now let a ec’ AN (logN)? 
For convenience, let = 27+/—1, and suppose that 


(1) log |x — ¢| S —d*° dN (log N)?. 


We shall reach a contradiction. Let dg be the precise degree of & We 
consider a function in the usual manner, 


dg—1 r—1 Te—1 


F@m »D SS 9) Ai €'te” 


ig=0 i=0 j=0 
with integer coefficients a,;) = dig:;. We take 


= [\3dlogN] and re = [d?N log N]. 
We want 


(2) — |D*F(v2)| < * 


for 
O<kS[\MNlogN] . and Op SS [rdlogN]. 


These conditions amount to solving linear inequalities, with 


number of variables >> drirg >> d° d?N(log N)?, 
number of inequalities >> \* dN (log N)?. 


Furthermore, easy estimates of the usual type show that 
log |coefficients| « \3N (log N)?. 


Hence by Lemma 5 on linear inequalities, there exists a solution in in- 
tegers a;;) not all zero such that 


log |an| x log B < 28 (log N)?. 


We may consider D*F (vx) as a polynomial in two variables, say 
Diva) — Pepe, 2). 
Estimates of the usual type yield: 
log |Pi»| K °M (log N)?, 
deg P;,, in § K d, 
deg Py, inz Kr; K \3dlog N. 
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By Theorem 1, if Py »(é, &) ¥ 0, then 


(3) — 3 dN (log N)? < log |Px»(é, &)- 
On the other hand, 

(4) ProlE, 8) = Paolt2) + [ Pholé 2) de 
Hence 


[Pr»(é, é)| Ss (Pegs, x)| = |a a | Mi.» 


where M;,,,, is a bound for the expression inside the integral sign, estimated 
by the same type of bound that we obtained above for the coefficients of 
our linear inequalities, namely 


log My» K d?N (log N)?. 
Using (1) and (2), we find 
log Prats, é)| < —*4 dN (log nN), 


which contradicts (3) as soon as ) is sufficiently large (with respect to an 
absolute constant). Hence 


Fes £) = 0 
for all k, v. 
We now wish to prove that 
Py alé £) = 0 
for 


Q0Ssrsr.-—1 and OsSspupsry—il. 
If we can do this, then with the notation of the preceding section, we have 


Lis | -—1 T2—1 


0O= PhO = DS Dd) vil AGO. 


7=0 j=0 


By the Corollary of Theorem 3, the determinant of this system of linear 
equations is not 0, whence ¢;;() = 0 for all 7,7, and we obtain a con- 
tradiction. We carry out this program in two steps. 

First step. Let tr be a positive number such that 3+ 7 < 4 but 
3+7+1+7 > 5. For instance 7 = 3/4. We shall prove that 


Pr» (&, &) = 0 
for 


O<k <[+NlogN] and 0S’  [\'+dlogN]. 
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We apply the interpolation Lemma 7, with 2’ = v’x, r = k’, 21,..., 2m 
equal to the numbers vz with 0 < v S [Ad log N], omitting z’, and 


LR 
R 


4! 4"d(log N)|z\, 
3C, Ry. 


I 


Since r log r « A°**N (log N)?, and 
log |Flz « \3+* dN (log N)?, 


the first term in the estimate of Lemma 7 is dominated by (C,R,/R)™, 
whose logarithm is < —\* dN (log N)?. The second term satisfies a simi- 
lar estimate, because of our choice of B, with a large constant c, so that 
in the product 


a | a: 
= OT mi(1/3)™*maxe. |D*F(vz)| 
1 : 


the term involving derivatives dominates the estimate. Thus finally, 
log |D*’F(v’x)| « —d* dN (log N)?. 
Now we use again the estimate 
[Pre (€, &)| S [Pew (€ 2)| + [ze — Mi» 
and argue as before. If Px ,-(&, &) # 0, we get the inequalities 
— 3+" dN (log N)? « log |Pe»(t, | «K —d* dN (log N)?, 


a contradiction which shows that ie 7 ee 0: 
We now obtain from (4) (with k’, v’ instead of k, v): 


[Pr (€, x)| S |e — Me, 
whence 
(5) log |D*’ F(v’x)| «< —r® dN (log N)?. 
Second step. We now prove that 
Pry(é &) = 0 
for 


OSes 1 and” (0 Sy Sr, — 1. 


We use Lemma 7 again to estimate D’F(ux). We take 2’ = ux. We let 
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Z1, ++, 2m be the numbers v’z, omitting 2’, and 
Ry 
R 


4r,|z| = 4[d%d log N]|z\, 
3C, Ry. 


Then log |F|z « 4° dN(log N)? and hence by our choice of 7, the first 
term is dominated by (C,R,/R)™’, whose logarithm is 


< —nr*t?" dN (log N)?. 


For the second term, we use (5), and find that the logarithm of the second 
term is dominated by (5). Hence 


log |D’F(ux)| «K —n*t2r dN (log N)? 
whence 
log |Pru(&, §)| K —d**?" dN (log N)?. 


On the other hand, estimating the degree and height of P,.,, if 


P,ylé &) # 0, 
then 
—)? dN (log N)? < log |P,,,(&, |; 


which is a contradiction. This proves the theorem. 
Using the same method as that for Theorem 1, Feldman obtains: 


THEOREM 5. Let a be algebraic, andx = loga ¥ 0. Foralid,h = 3, 
and all algebraic numbers & of degree S d and absolute height S h, we 
have 


log |x — | > — d?(dlogd + h)(log d) log(d log d + h). 


The main difference is the appearance of d?, due to the fact that one 
parameter is lost since e* = a, and this introduces an extra term, so that 
instead of having a polynomial P;,, in two variables, we have a poly- 
nomial P;,(, 2, a) in three variables. It is then necessary to adjust the 
values for 7, j, k, v accordingly. Also, the symbol > now depends on the 
given a. 

Feldman also obtains analogous results for the Weierstrass g-function. 
In that case, the fact that such a function is of order 2 simply introduces 
another parameter, and makes the final result (using the same method) 
correspondingly worse. It should be noted, however, that Feldman proves 
the corresponding non-vanishing of the determinant of §5. It is an in- 
teresting problem, independent of the theory of transcendental numbers, 
to investigate such determinants for abelian functions and other gen- 
eralized exponential functions. Finally, it should be mentioned that when 


HISTORICAL NOTE . ; fa: 


h is large compared to d, then Feldman improves the dependence of the 
inequality on h, and obtains the following typical result. 


THEOREM 6. Let a be algebraic # 0, and x = loga ¥ 0. For ail 
d 2 3, and for all algebraic numbers £ of degree < d and absolute 
height S h, withh > d*, we have 


log |z — &| >> —h d?(log d)?, 


where >> depends only on a. 


Historical note 


This entire chapter is due to Feldman who obtained the results, and 
related ones, in the series of papers listed in the bibliography. These call 
for a number of comments. 

We shall proceed systematically, and first make some very general com- 
ments on transcendental numbers and diophantine approximations. 

The theory of transcendental numbers determines which classical num- 
bers are linearly independent or algebraically independent (over the ra- 
tionals). This requires a definition of the notion of classical number, and 
essentially, a classical number is one which appears as a value of a classical 
function suitably normalized. Let us give examples. In a classical situa- 
tion, one meets an open subset of some complex space, say U, and a map 
f: U — V of U into an algebraic variety. Given such a map, we can gen- 
erate a field of numbers, by taking the smallest field 2 generated from the 
rational numbers by performing the following operations inductively, and 
iterating them: 


Taking algebraic closure. 
Adjoining values of f and its inverse function with the argument in 
the field obtained inductively after a finite number of steps. 


Examples of maps f are given by exponential maps, uniformizing maps, 
solutions of algebraic differential equations, zeta functions (including L- 
series and gamma functions), etc. 

Given say real numbers 21,..., 2m in a field Q, one wishes to study 
the inequality 


(*) go + qati +e ++ + Gntm| < (q = max (q;\) 


1 
q"9(q) 
with integers g;, and some function g, positive and increasing. Assuming 
that 1, 21, ..., %m are linearly independent over the rationals, one defines 


L1,.++,%m to be of type S g if the above inequality has only a finite 
number of solutions. Similarly, if x is a given transcendental number, 
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one should say that it has transcendence type S g if the inequality (*) 
has only a finite number of solutions uniformly for x; = 2’, and all m. 
Similarly, we can make a definition with respect to approximation by an 


algebraic number of degree d, using the inequality 


1 


—_ ith aoe 
HO g(HOAo) 


Gs) ga t| 


The results of [20] show that the theory of diophantine approximations of 
a number, say by rational numbers, achieves coherence and simplicity 
only if one measures the order of approximation not in the exponent but 
as a factor of H@t!. (It is not entirely clear conjecturally to what extent 
g should be independent of d.) 

The general problem is now to determine inductively the type of a classi- 
cal number obtained as value of classical function. One must of course first 
determine a type for algebraic numbers, and in this respect, the Thue- 
Siegel-Roth theorem appears as rather weak, in spite of the difficulties 
which one has encountered historically in reaching a proof for it. 

Even in the case of algebraic numbers, no result is known to take into 
account varying degrees, say a result of type 


1 
Jax g| > H(g)*t!+« 
or some such exponent as d + 1 + e, let alone more refined results. Such 
a result is not even known if the degree d of £ is kept fixed. 

The Feldman result may be seen as a first step in the inductive pro- 
cedure, and the Liouville estimate (Theorem 1) is the induction hypothe- 
sis. However, given the present structure of the proof, this Feldman esti- 
mate is weaker than what should be expected. Thus it is good in that the 
exponent for h and d (in Theorem 4) is precisely equal to 1, but bad in 
that an extra log appears, so that one does not even get an estimate like 


log |x — &| > dh. 


This, however, would only be a first step towards determining the refined 
types as in (*) and (**) above. 

Even assuming a very good type for a number z, and using the more 
complicated techniques of Feldman, applied to the inductive procedure of 
Chapter V, I still do not see how to achieve a best possible result which 
would for instance yield the algebraic independence of e and 7, assuming 
that e or 7 has a very good transcendence type. It is very hard to tell 
whether this is because of a superficial defect in the proof, or whether one 
needs an entirely different structure for the algebraic independence proof. 


HISTORICAL NOTE - ~ 1D 


It should be noted that Feldman’s results (and a subsequent one by 
Gelfond [13], following Feldman’s method) are the only ones which ex- 
hibit a good dependence on the degree d. For instance, the dependence on 
d in Mahler’s papers [24], using similar techniques to Siegel’s, give a much 
worse dependence on d. We shall mention this again in the next chapter. 
The dependence on h is much better in all known cases. 

It may be that to achieve the best possible dependence on d, one must 
first determine a best possible type for the approximation by rational 
numbers, and then use a best possible type for approximation of algebraic 
numbers by rational numbers. Thus the induction must start with loaded 
hypotheses, not only going from numbers to values of a function, but also 
from the rational numbers to algebraic numbers. The few examples which 
one has now do suggest an absolutely fantastic rigidity in the entire 
theory. 


CHAPTER VII 


Linear Differential Equations 


This chapter will deal with a method of Siegel, which is particularly 
efficient when the functions under consideration, aside from satisfying a 
(linear) differential equation, have a power series expansion of a special 
type. We shall begin by describing this type. 


§1. E-functions 


An E-function is a function which admits a power series expansion 
oo nN 
2 
f@ = De ont 
n=0 


with complex coefficients a,, belonging to some number field K, satisfying 
the following conditions: 


E 1. We have |\a,|| S c” for some constant c. 


E 2. There exists a sequence of integers d, € Z, dn > O such that d, is 
a denominator for a, (k = 0,...,) and 


(Note: We take the bound c” for convenience. Actually, everything 
goes through if we define E-functions using the bound O(n") for every 
e > 0. However, all the examples satisfy the stronger conditions stated 
above, and I see no point here in introducing an extra parameter.) 

The ordinary exponential function e* is an E-function. So is the Bessel 
function 


22" 
Jo(z) = + (nb? 


or the Bessel function J, with algebraic parameter \. Similarly, hyper- 
geometric functions (with algebraic parameter) are also examples of E- 
functions. We refer the reader to Siegel’s book for such examples. Of 
course, polynomials with algebraic coefficients are H-functions. 
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In what follows, we assume that all E-functions mentioned have co- 
efficients in the number field K. If f is an E-function as above, we define 


sizen(f) = size(ag,< . , an) 


to be the size of its first m + 1 coefficients (i.e. coefficients of 2"/n!). If 
f’ is the derivative of f, then 


size,(f’) S sizen41(f), 


whence in particular, f’ is also an E-function. 
Let 


2” 
g (z) a om Bn nl 
be an #-function. Then f + g is an E-function, and 


size, (f+ 9) S sizen(f) + size,(g) + 2. 


Furthermore, 


fegle) = mn 


where 
Yo = 3 ie arp 
n k kPn—k) 
k=0 
whence fg is an E-function, with 
sizen(fg) S sizen(f) + sizen(g) + 2n, 


because if d,, is a denominator for ag, ..., a, and d, is a denominator for 
Bo, -- +>» Bn then dnd, is a denominator for Yo, ..., Yn- 

Finally, if a is in K and f is as above, an E-function, then f(az) is also 
an #-function, with 


size, f(az) S size,(f) + n- size(a). 


§2. The Lindemann theorem 


We shall carry out a special case of the Siegel method to prove the 
Lindemann theorem. 


THEOREM 1. Let aj,..., a be algebraic numbers, linearly independent 
over the rationals. Then e%1,..., e%: are algebraically independent. 


The proof will use several lemmas. 


78 “33 LINEAR DIFFERENTIAL EQUATIONS - (VII, §2] 


Let K = Q(ay,..., a5). Let 81,..., 8m be distinct non-zero ele- 
ments of K, and let Z; (j = 1,..., m)} be the m functions 
Ee ei, 
We shall form a new function 


Fi(z) = Py(e)e®® + +++ + Pra(e)eem? 


with polynomials P,,..., Pm having coefficients in Ix, not all zero, such 
that F, has a high zero at 0. We regard m as given, and we shall deal with 
a parameter n. Constants c, c,, C2, ... thus depend on the 6; and m. 


Lemma 1. Given an integer n > 0 we can find polynomials P; & Ix[z] 
not all zero, such that: 
(i) deg P; < 2n and ||P;|| S$ c"n?". 
(ii) The function F; has a zero of order = (2m — 1)n at 0. 


(iii) If 7 
F(z) = >. a, i 
v=0 


then |a,| < e’c"n?” 


Proof. We write P; with unknown coefficients, namely 


P;(z) = (2n — 1)! = tie z 


p! 


and have 
E;(z) = Lain D Br 
yv=0 i 
Then 
P;E,(2) = (Qn — 1)! By, = 
»=0 
where 
2n—1 yp 
by, = DS @) 5B j,v—k- 
k=0 
We obtain 
PyBy + +++ + PmEm = D) ofa) 5 
y=0 : 
where 


a, (2) = (2n — 1) oy + --2 Bmy)- 


We must solve for (x) the linear equations a,(x) = 0, withy < (2m — 1)n. 
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We have 2mn unknowns 
2 eet =e... and pp — 0,.4., 2n — 1 


and (2m — 1)n equations. The coefficients of these equations are in K, 
bounded by 


lA ; 


||coefficients|| < m- max (*,) max ||8;,»—z|| 


- 


= ci, 


since the binomial coefficient is bounded by 2°°”—”, A denominator for 
these coefficients is also bounded by cf. By Siegel’s lemma on linear 
equations, we can find a non-trivial solution with z;, € Ix satisfying 
\lz;u|| Sc”. It is now an easy matter to estimate the coefficients a, for 
all v to get the estimate (iii). Of course, only those a, may be ~ 0 for 
vy = (2m — 1)n. This proves our lemma. 


Lemma 2. Let E;, Pj, F, be asin Lemma 1. Let 
F k+1 = D*F 1 
where D is the derivative, k = 1, 2,... Write 


Fy = PyiEy +--+ + PemEn 


with polynomials P;;. Then the rank of the matrix (Px;) (k,j = 1,..., m) 
as equal to m. 
Proof. Let Y be the vertical vector of functions (£;,..., Em). Then 
Y satisfies the linear differential equation 
Vy. 
where Q is the matrix 
Bi eae 0 
| i 
0 ace Bun 


In fact, we have 
DF, = (D or B1)"PiE; alo = (D a Ben ene 
Thus the matrix (P;,;) is none other than 


ey areas Pe 
(D + Bi)P1 na (D Tt Bm) Pm 


(D +B)" Py ++ (D+ Bm)™—'Pm 
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Let A = A(z) be its determinant. Then A is a polynomial in z, and we 
shall prove that it is not zero by looking at the highest power of z occurring 
in it. In fact, let ui, ..., Um be the leading coefficients of the polynomials 
P,,..., Pm respectively, and let d,,..., dm be their degrees. Then our 
determinant has one term of type 


Ut eee Um 
Bil, -++ BmUm Ute t+dm 
oy men 
BT Uy °°*. Bm Um 


plus other terms in the expansion which have lower degree. We factor out 
U,***Um from the determinant, and see that the remaining constant is 
a Vandermonde determinant which is not 0. This proves Lemma 2. 


As in the proof of Lemma 2, let A be the determinant 


A = det(Px;) (Ki 7 = 1, .ccee 
Then 
deg A S (2n — 1)m. 


Let P be the matrix (P;;) (k,j = 1,...,m), and let P be the matrix 
such that 
PP = AT, 


Thus P is the transpose of the matrix of minors of A. Let F be the column 
vector of (Fy,..., Fm) and let Y be as before, the column vector of 
(Hiss. +G iim). Then 


F=PY and AY = PF. 


Each F; (j = 1,...,m) has a zero at 0 of order = (2m — 1)n — m, 


and since none of the components of Y vanishes at 0, we conclude that 
ord A 2 (2m — 1)n — m. 


(Here, ord means order at 0.) Comparing this order with the degree of 
A, it follows that if & is any complex number + 0, then 


ord: A S deg A — ord A 


n. 


lA 


Lemma 3. For any complex number § ¥ 0, the matrix 


(Pr(t)) (k= 1,...,m+nandj = 1,...,m) 
has rank m. 
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Proof. We have PP = AI. For any k = 1, 2,;.. we have 
(D + Q)*Pay = Pa, 


where Px) is the k-th row of P viewed as column vector. Let r = ord; A. 
We apply (D + Q)’ to AI, and find 


(D+ Q)"(AD = DI6,(D + QP, 


u=0 


where C', are matrices of polynomials. Evaluating these expressions at é, 
we see that in the expansion on the left, all terms will vanish except 
D‘A(é)I, whence 


DAC) = D3 C(O(D + QP. 
p=0 


On the left we have a non-zero scalar matrix. On the right, the columns 
of the matrix (D + Q)"'P(£) are simply the columns 


Puy (é) cae *(Prr(é), ceey Pum(€)) 


with k < m+n. It follows that these columns have rank at least m, 
thereby proving our lemma. 


Let a € K, a = 0. We shall estimate |F;,(a)| and ||Pz;(a)||. Further 
constants depend on the size of a. 


Lemma 4. Letk S m+n. Assume n 2 Co(a). Then 


SC a al 


can*", and  den(P;;(a)) S c3. 


[Fi.(a)| 
" \\Px3(a)|| 


Proof. The first inequality will come from the estimates of the coeffi- 
cients of F;, applying k derivatives, and using the fact that D*F, begins 
with a high power of z, and hence a high factorial in the denominator 
which contributes the term n—°?”"—?” tending to 0 with n. We do this 
in detail. 

The power series for F, is dominated term by term by 


WA 


IIA 


[oe 
Zz 
Fy(2) < c'n™ = >> oF 
yv=(2m—1)n 


v 


—_ 


and that of F; is therefore dominated by 

cy v—k 
Nr n t— @ 
Fy (2) < e"n?c* > c eT SS 


y=(2m—1)n 
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Therefore, 


00 v—k 
|Fi(a)| Ss cj?” =O eae 


vy=(2m—1)n 


We observe that for any integer r > 0, 


“wow” w w 
a) 


Here we take r = (2m — 1)n — k. In making our estimate, we take 
the maximum value of r when estimating numerators, and its minimum 
value when estimating denominators, for0 S$ k S m+n. We have 


(2m — 2)(n — 1) S (2m — 2)n—m Sr S (2m — 1)n. 


Since we took n large compared to a, the sum in parentheses is S 2. 
Also, r! is approximately equal to r’e~”. Putting all this together, we 
obtain the desired estimate for |F;(a)|. In fact, we get an exponent n?” 
instead of n°”, but we have nevertheless put n°” to fit some later 
generalization. 

To estimate ||P:;(a)||, we estimate the size of the coefficients of P;,;. 
We know that 


Pa, = (D + Q)*P a. 


It is easy to estimate this by induction, using the same technique as in 
Chapter III, §2, except that the situation here is easier. A given poly- 
nomial P; (j = 1,...,m) is dominated by 


Pi@) < ce J 2), 


and applying (D + 8;)* to this polynomial is easily seen by induction to 
be dominated by 
(D -+ 8;)FP; < Gat" + 2)73—* 


(The extra power of n comes from a term bounded by (2n — 1)™*” 
arising from successive derivatives.) Substituting a for z then gives the 
desired result. The estimate for the denominator of P;;(a) is even more 
trivial. 


The next, and final, lemma is the decisive step in the proof. From the 


linear independence of the functions E,,..., Em over the polynomials, 
it gives a lower bound for the rank of the numbers Ey(a),..., Em(a) 
over K. 


Lemma 5. The rank of Ey(a),..., Em(a) over K is = m/2[K : Ql]. 
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Proof. Let r be this rank. Let 
0 = Ee Fa ee Aim Fm(a) 


ie = \m—r, By (a) sae ieee —rjm E,(c) 


be m — r linearly independent relations with coefficients Any E€ Ix. By 
Lemma 8, we can find r functions among the F;,, k S m+ n, such that, 
if we put 


Fr, (a) = Pri (a) Ey (a) Se Piym(a) Em(a) 


He Esa) 4-9 Pym (o) ate) 


then the matrix consisting of the (A) and the (P;,;(a)) has rank m. Let 
6 be the determinant of this matrix. Then 6 is an element of K, 6 ¥ 0. 
We obtain 


8E,(a) = B,F;,(a) +-+- + B,F:,(2) 


where B,,..., B, are minors of the determinant 6. From Lemma 4, we 
then have 


size(d) < 3nrlogn + O(n) and den(6) S O(n). 
Again by Lemma 4, we obtain the upper bounds 
Biba edks con”. 


Lemma 4 also gives us an upper bound for |F;,(a)|. We therefore obtain 
the upper bound 


log |6| S 3n(r — 1) logn + 3nlogn — (2m — 2)nlogn + O(n). 
3rn log n — (2m — 2)n log n + O(n). 


IA 


We compare this with the size, divide by n log n throughout, get rid of 
O(n), and find 
2m — 2 S 3r[K : QI. 
The assertion of the lemma follows trivially. 


To prove Theorem 1, we start with the s functions 


fi) = 4, ... fa(t) = 


Let g be a polynomial with coefficients in K, not all zero, of degree d. 
We must show that fora = 1, 


gle, ...,€) = g(fila),...,fe(a)) ¥ 0. 
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Let v be a large integer, and let 


be the binomial coefficient. 
There are precisely m, monomials 


‘perma ae yh oo ee 
We let m = m, and let E;,..., Em be these monomials. (Thus, in our 
special case of the exponential function, the numbers 61,..., Bm are the 


linear combinations 


Via + +++ + Vets, Pye = ee 
If g(fi(a),...,fe(a)) = 0, then forvy; +---+v, S v — d, we have 


fila)” +++ fo(ax)"g (fila), ...,fe(a)) = 0. 


In this way, we obtain relations with coefficients in K among the m, 
monomials 


Fila) +++ fa(ar)”s, yi Ps Se 


It is immediately seen that these relations are linearly independent over 


K, and we have 
My . e =e os ") 


such relations. By Lemma 5, we must have 
My — Mg 2 m,/2(K : Q]. 


This is impossible, because m, and m,_g are both polynomials in », start- 
ing with the same term v”/m!. This contradicts the assumption that 
g(fila),...,fe(a)) = 0, thereby proving Theorem 1. 


§3. Shidlovsky’s lemma 


In order to extend the proof of Theorem 1 to arbitrary E-functions 
satisfying a linear differential equation with rational functions as coeffi- 
cients, we must state and prove a lemma which allows us to generalize 
Lemma 2 above. This is the only difficult point in extending the proof of 
Theorem 1, but involves only linear algebra, no arithmetic. Thus in this 
section, we may assume that K is an arbitrary field of characteristic 0, 
and we deal with power series in K[[z]]. 
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We begin by some remarks on linear differential equations. Let 


Y= “Qi; see) 


be a column vector of power series, and assume that Y satisfies the linear 
differential equation 
Y= OY 


where Q is a matrix (Q;;) of rational functions in K(z). Let T = T(z) 
be the polynomial which is the greatest common denominator of the Q,;. 
We call T a polynomial denominator for Q (or for the Q;;). If Pi,..., Pm 
are polynomials in K[z], we let P,,) be their column vector. Let 


By = Py oe: Pen = Pryiy) 


be the scalar product of P,;) and Y. We construct F;, inductively by 
taking 
Feo st Oe (7 Dies 


Here, D = d/dz is the formal derivative of power series with respect to z. 
We see trivially that 


D(Pay, Y) = (DP, Y) + (Pay, DY) 
= (DP, Y) + (Pa, QY) 
= (DP), Oe = (QP, Y) 
= (D + 'Q)P, Y). 
Hence 
TDF, = (T(D + 'Q)P.); Y) 
and, inductively, 
F, = ((T(D + °Q))*Pi1), Y). 
Thus we can write 
Fy = Pryi t+-:> “> Pimtm 
with polynomials P;,;. 


SuipLovsky’s LemMa. Let y1,..., Ym be as above, formal power series 
linearly independent over K(z), and satisfying the linear differential equa- 
tion Y’ = QY, where Q is a matrix of rational functions. Let P1,..., Pm 
be polynomials in K[z], and let 


Fy = Pyyi +--+ + PmYm. 
Let T be a polynomial denominator for Q, and define inductively 


Fae DiS) eet + Pen 
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Let r be the rank of the matrix (P;;) (k,j = 1,...,m) and supposer < m. 
Then 

ord F; S r(max deg P;) + ¢o, 
where Co 1s a positive number depending only on y1, ..- 5 Ym, Q and not on 
the P j 


Although the proof of the lemma is rather long, we shall not use any 
part of it later. We use only the statement of Shidlovsky’s lemma, and 
then only in the proof of Lemma 2, §4. Hence the reader may omit the 
rest of this section without impairing his understanding of the rest of the 
chapter. 

The proof will involve lemmas, numbered as 2.1, 2.2,... 


Lema 2.1. Let ¢1,..-, Gn be power series in K|[z]], and let d be a 
positive integer. There exists an integer N (depending on ¢ and d) such 
that, if P;,..., P, are polynomials in K|z] of degrees S d, then either 


F = Py91 ++++ + Pagan 
ts equal to 0, or 
ord F S N. 


Proof. Consider first the case when we take the P;,..., P, to be con- 
stants in K. Write the column vector of functions ®: 


G1 = A190 + A132 + Aioz%2 +-:: 
Yn = Ono + Gniz + Gnozg +°°: 


Let C = (c1,..., Cn) be a constant vector, and let A°, A!,... be the 
column vectors of the matrix of coefficients of 1, ..., ¢,. We note that 


C.D = ¢191 + +++ + Cag, = 0 


if and only if C- A* = 0 fork = 0, 1,2,... 

Let A°, A',..., A™ generate the space of column vectors. IfC-® ¥ 0, 
then at least one of the dot products C- A* is not 0 for 0 < k < M. 
This means that 


ordC-@ < M, 
and proves our lemma in case the polynomials P;,..., P,, are constant. 
The general case is reduced to this one by replacing ¢;,..., om by z'9; 


@= 0...., dand7 = 1,...., m): 


Lemma 2.2, Let V, W be two vector spaces consisting of power series, 
finite dimensional over the constant field K. There exists an integer N 
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such that of 9, y are non-zero elements of V, W respectively such that ¢/y 
7s a rational function, then deg ¢/y < N. 


(By the degree of a rational function, we mean the maximum of the 
degree of its numerator and denominator.) 


Proof. Let {g1,..., gn} be a basis of V over K, and let {¥,,..., ¥} 
be a basis of W over K. Consider the set of constant vectors 


C feiere. s'Cn) 


for which there exists a constant vector C’ = (cj,..., c/) and a rational 
function R such that 

C-&= RC’-¥. 
Let Ci, ..., Cs be a maximal set of linearly independent vectors C over 
K. We can write 

Cy: & = R,Cy- (ea Lye ane) 


with rational functions R;,. Given any C in our set, written as 
C= v,C; +---+ 2,0, 
with coefficients x; € K, we see that 


C= ® = (11 R1C4 + ae -+ Gel.Cs) i Vv 
= RC’-¥. 
From this it is clear that the degree of R is bounded in terms of the degrees 
OTs: oy dua 


Lemma 2.3. Let ¢1,..., ¢m be power series, linearly independent over 
the constants. Then the Wronskian determinant 


v1 $2 Om 
? / 
f1 2 Lm 
W(¢1,--+) Om) = . . 
gam m2) (m—1) 


as not 0. 


Proof. This is a standard easy lemma on derivatives, which is proved 
by induction. We leave it to the reader. 


CoroLtuaRy. Let m > 1, and let ¢1,..., om be solutions in K{[e]] of 
the differential equation 


¥rD'y + WriD""'y+---+vy = 0, 
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where ¥1,..-,Wr © K[[z]] and ¥, # 0. Then 91,..., ¢m are linearly 
dependent over the constants. 


We return to the differential equation, determined by the matrix Q. 
Let P,,..., Pm be polynomials whose column vector is denoted by P,1). 
We form inductively 


Posy = T(D + 'Q)Pa 
and obtain the matrix (P,1),..., Pim) whose transpose is written 
Pi ae Pim 
ee ie Porm 


Suppose that for some integer r < m the vectors Py, ... , Pr) are linearly 
independent, but P(,41) can be written as a linear combination 


Peary = Gila +o + Gree 


with rational functions g,,...,g,. Applying T(D + ‘Q) to this expres- 
sion, we find that P,,42) can also be written as a linear combination of 
Pi, ..-, Por) with rational functions as coefficients. Inductively, it fol- 
lows that the rank of the matrix (P;;) (k,7j7 = 1,..., m) is equal to r, and 
that its first r rows are linearly independent. 


LemMMA 2.4, Given the matrix Q, there exists an integer N having the 
following property. Let P\,..., Pm be polynomials such that the rank of 
the matrix (Px;) is r < m. After renumbering the indices, if necessary, 
suppose that 


Pi ae Pin Py ape ee Pir Pia iar Pe 


Pr a fe Py a te Py, Pret sash Neg 
ts written in terms of two blocks, say 
CG Pr); 


such that Py isr X r, Py is r X (m — 1), and P; is non-singular. Then 
there is a matrix A of rational functions such that 


Pir = PA 


and such that the degrees of the rational functions are < N. 


Proof. Observe that this lemma is independent of any solutions of the 
differential equation. Consequently, after making a change in local param- 
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eter from z to z — 29, where zg is not a pole of the coefficients of Q, we 
may assume that we deal with solutions of the differential equation in the 
power series ring K|[z]] and that 0 is not a pole of the coefficients of Q. 
Let Sg be the K-space of solutions of the differential equation Y’ = QY 
in vectors Y with components in K|[z]]. Then Sg has dimension m over 
the constant field K. In fact, each solution is determined uniquely by its 
initial condition (i.e. its value at 0), as is easily shown recursively, and 
the map Y + Y(0) establishes the K-isomorphism between Sg and the 
space of m-tuples over K. Let U = (U™,..., U™) be a fixed system 
of linearly independent column vectors of solutions, say those correspond- 
ing to the initial conditions 


1 0 
0 eee 0 
0 a 


We have, for any solution Y of Y’ = QY, 


(TD)’Pay, Y) = (Posy; Y) 
ae g1{P 1, Y) eee i Gr P wry; ¥) 
— g1kP 1, 1s a as is gr(TD)"— (Pray, ¥), 


This shows that (P,1), Y) satisfies a linear equation of order r, to which 
we can apply the corollary of Lemma 2.3. We conclude that the map 


Yee) 


is a K-linear map from the space Sg into a K-space of dimension S r. 
Its kernel consists of those Y which are orthogonal to P,;) (and hence to 
Px) for all k). Wecan find a basis 


we, shes yo) 
of Sg such that Y"?,..., ¥°"—” consist of vectors orthogonal to 
Py, a | lage 


Hence we have 
(Py, Pu)(V,..., ¥"-”) = 0. 


There certainly is some matrix A of rational functions such that 


P= PA, 


and we note that A is r X (m — 1r), because the columns of Py depend 
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on the columns of Py. We shall prove that A is uniquely determined and 
can be expressed in a special way in terms of Y, where Y is the matrix 


(Ye Ym) 
wie. ; ; 
Decompose (Y‘?, ..., Y°"—”) into two vertical blocks, 
yi one » tas 
eae) — Yip... Pinon}? 


such that the top block has r rows and the bottom block has m — r rows, 
corresponding to the decomposition of (P;, Pr). Then we obtain 


PLY? + PiAY{P = for k=. teen 


whence 
(*) YH41 Ay — 09 fork =1,...,m—r. 
On the other hand, the columns 

YP, ..., Peo 


are linearly independent, because the m K m matrix 


VO)... Fm em 

YO... POM 16. em 
is non-singular, and a linear combination of the above-mentioned columns, 
together with relations (*), would yield a contradiction. Hence the matrix 
A is uniquely determined. Relations (*) can then be viewed as a system of 
r(m — r) linear equations for the components of A, having a unique 


solution. 
There exists a constant m X m matrix C such that 


Ye. 


where U is our fixed system of basic solutions of the original differential 
equation. If we substitute UC for Y in the linear equations (*), we see 
that A depends only on the polynomials P;,..., Pm by means of the 
constant matrix C. In solving the system of linear equations for the 
components of A, we meet certain determinants involving the compo- 
nents of Y. Let 


Ply sees On 


consist of all monomials of degree S m? in the components of U. Then 
each component of A can be expressed as a quotient of linear combina- 
tions with constant coefficients of ¢1,..., ¢n. We can therefore apply 


Lemma 2.2 to conclude the proof of Lemma 2.4. 
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We shall now conclude the proof of Shidlovsky’s lemma. 


Let (y1,..., Ym) be our solution of Y’ = QY, linearly independent 
over K(z), in the power series ring K[[z]]. Let 


Py = Pyyy +--+ + PnYm 
and 


Fy = Pry, +--+ + PemnYm = (TD)*P, 


as usual. Let 7 be the rank of the matrix (P;;) and assume r < m. Let 
A = (A,;) be the matrix of Lemma 2.4, and let 7, be a denominator for 
A, of bounded ee a Lemma 2.4, we can write, fork = 1,...,7 and 
g=r+ 1, aie iS 


= Se 
v=1 


and 
Pe= Paryr t-+> + Paryr + D> Pris, 
j=r+1 
whence 
oo a= Ss vt +» Avi): 
v=1 j=r+l- 


WeeA, — det(P;,) (k,v = 1, ,r). Note trivially that by induction, 


deg Pi, S max deg P; + rq, 


where gq is a constant depending only on the degrees of Q;;. Consequently, 


ord Ap S deg Ag S r+ max deg P; + No 


for some constant No. On the other, hand, solving the linear equations 


(**) yields 
Ao( a + sD Ava) = > AyiF’ x 
k=1 


j=r+1 


where A,; are subdeterminants of Ag, and in any case are polynomials. 
We multiply throughout by 7, to clear denominators. We note that 
(from successive derivatives), 
ord F; — r S ord F;, 
and consequently 


ord F; — r S ord Ag + ord (tw oF 3 1A,i43) : 
j=r+l1 
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We can use Lemma 1 on the expression in parentheses on the right, to 
see that its order is bounded from above by a constant. Combining this 
with the upper bound for ord Ag in terms of its degree, we have finally 


ord F,; S r- max deg P; + N,; 


for some constant N,, thereby proving Shidlovsky’s lemma. 


§4. The general theorem 


We wish to extend Theorem 1 to arbitrary H-functions, satisfying a 
linear differential equation with rational functions as coefficients. Let 
fi, ...,f, be E-functions, satisfying the differential equation 


xX = 0X, 
where X is acolumn vector of (X;,...,X.), and 
Q* = (Qi) Gj= 1.338) 


is a square matrix of rational functions in K(z) over the number field K. 
We shall prove the theorem of Siegel-Shidlovsky: 


THEOREM 2. Assume that f,,...,f, are algebraically independent over 
K(z), and satisfy a linear differential equation as above. Let a € K be dis- 
tinct from 0, and from the poles of the rational functions Qi;. Then the 
values 


fila), saa » Fe(@) 


are algebraically independent. 


Examples of functions as in Theorem 2, besides the exponential func- 
tion, are given by the Bessel functions, solutions of the differential equation 


i ( x") 
y +y ae Z2 y = 0, 


the constant \ being taken in a number field. If Jy, J; are two linearly 
independent solutions, then it is known that they are algebraically in- 
dependent (over C(z)) if 2\ is not an odd integer. The proof of this fact 
can be found for instance in Siegel’s book, and involves only function 
theory, no arithmetic. The proof is by no means dull, but the main point 
of the theory of transcendental numbers is to reduce the algebraic inde- 
pendence of values to the algebraic independence of functions, so that it 
is not unreasonable to omit such a function-theoretic proof in the present 
book, in view of its easy availability elsewhere. It is easy to verify that 


[VII, §4] THE GENERAL THEOREM — 93 


Jy, J; are E-functions, and thus we obtain a special case of Theorem 2 
originally proved by Siegel, namely the algebraic independence of J,(a), 
J\(a) whenever a is an algebraic number # 0, and 2) is distinct from an 
odd integer. 

We also refer to Siegel [32] for examples of hypergeometric functions sat- 
isfying the hypotheses of Theorem 2. 

The proof of Theorem 2 follows very closely that of Theorem 1. There 
will be essentially no change in Lemma 1. For Lemma 2, we quote Shid- 
lovsky’s lemma, and then there is no further difficulty. Lemma 3 is essen- 
tially the same as before, and the estimates of Lemma 4 are only very 
slightly more difficult, since we must take polynomial denominators into 
account. We devote a small amount of space to these estimates. The 
final Lemma 5 does not change, and the last clinching arguments are 
exactly as before. 

We shall repeat the lemmas in the general context, and preserve their 
numbering. 


Lemna 1. Let Ey, ..., Em be E-functions, with coefficients in K, and 
let n be a positive integer. There exist polynomials P,,..., Pm © Ixf{z] 
not all zero, such that 

(i) deg P; < 2n and ||P,|| S c"n?”. 
(ii) The function 
oO 2 
Fy = PiEy +--+ + PnEn = >, Oy 


v=0 
has a zero of order = (2m — 1)n at 0. 
(iii) We have |a,| S c’c"n”. 


Proof. There is no change from the previous case. 


Let £,,..., Em be E-functions with coefficients in K, and assume that 
they are linearly independent over K(z). Assume also that they satisfy 
the linear differential equation 


Y’ = QY, 


where Q is a matrix (Q;;) of rational functions in K(z). Let T be a poly- 
nomial denominator for Q, say T € Ix[z], and let 


PF, = PyB,y +--+ + PE m 
be as in Lemma 1. We may then form inductively 
F, = TDF, = Prk: +++: + Pemln 


with polynomials P;;. 
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Lemma 2. Let Ej, P;, F, be as in Lemma 1, and assume that 
CHiger es 5 Leap) 
satisfy the linear differential equation 
Y’ =077 


as above. If n > co (where co depends only on Ey,..., Em, Q), then 
the rank of the matrix (Px;) (k,j = 1,..., m) 1s equal to m. 


Proof. If the rank r of (P;;) is < m, we have, by Shidlovsky’s lemma, 
(2m — 1)n S r(2n — 1) + e9, 


from which the assertion of Lemma 2 is obvious. 
We let A be the determinant 
A = det(P;;) (hg = lee 
For some constant c; depending on deg 7 and deg TQ;;, we have 


deg A S (2n — 1)m+ ¢. 


Let P be the matrix (P;;) (k,j = 1,..., m) and let P be the matrix 
such that 
Pee Al 


Let F be the column vector of (Fy,..., Fm). Then 
te and AY = PF. 


Each F; (j = 1,..., m) has a zero at 0 of order = (2m — 1)n — m, and 
ord E; S cz for some constant cz. Consequently 


ord A = (2m — 1)n — cz. 


Comparing this order with the degree of A, it follows that if £ is any com- 
plex number ~ 0 then 


ord; A S deg A — ordA 
n + C4. 


IIA 


Lemma 3. For any complex number —§ ¥ 0, and & not equal to any 
zero of T, the matrix 


(P,;(€)) (k= 1,...,2 + cs, 9 = 1). 
has rank m. 
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Proof. For any k we have 
(T(D + 'Q))*Pay = Pw. 


Let r = ord; A. We apply (T(D + ‘Q))’ to AI = ‘(PP) and find as 
before an expression 


(T(D + 'Q))"(4D = > ¢, (TD + 'Q))"*B 


where C, are matrices of polynomials. Evaluating these expressions at é, 
we have again 


T"()D' A(b)I = D> C,(8)(T(D + “Q))"*PQ). 
#=0 


On the left we have a non-zero scalar matrix. On the right, the columns 
of the matrix (7(D + ‘Q))*"*P(é) are simply the columns 


Puy) = *(Pxi(é), see y ence 


with k S$ m+ r. It follows that these columns have rank at least m, 
thereby proving the lemma. 


Let a be our element of K, distinct from 0 and the zeros of T. We shall 
estimate |F',(a)| and ||Px;(a)||. 


Lemma 4. Letk S n+ cs. Assume n = cg. Then 


|F',(a)| < oo an taal 
|Pxj(a)|| < cgn®” and ~— den Py;(a) S cf. 


ool. F irst, we note that by induction, one proves easily that 
k 
GD) =F 7D" 
i 
for all k, where T', is a polynomial dominated by 


T(z) < c&k\(1 + 2)* tee, 


The constant c depends on T, of course. We apply (7'D)* to Fy for 
k <n-+cs. We can easily estimate the derivative D*F,(a) as we did 
previously, to find an estimate of type 


|D“F y(a)| < Cn 2rn(2m—2)0_ 


The k! contributes one more power n” giving a total of n°”. The |T,,(a)| 
are trivially estimated, and we obtain the estimate for |F',(a)| as stated 
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in the lemma. The estimates for the P;;(@), which don’t involve a power 
series, only polynomials, is even easier and is left to the reader. 


Lemna 5. The rank of E;(a),..., Em(a) over K is = m/2[K : Q]. 


Proof. The proof is identical with the proof in the special case. There 
is no need to repeat it. 


To prove Theorem 2, we repeat essentially verbatim the final argu- 
ments of §2, with our given functions f;,...,f;. We let again £,,..., Em 
be the monomials 


ae ES Die * 7 Ghee ee 


and let »y — oo. If g is a polynomial with coefficients in K, not all zero, 
of degree d, and if 
9(f1(a), Oo , fs(a)) = 0, 


then we have 
fi'(a) oe 2 (a)9(f1(a), sae , fe(a)) = 0 


for vy; +---+v, S$ v—d. This is a system of linear relations, with 
coefficients in K, among the m = m, monomials 


Ula) <= * f(a), Se geo us =p: 


These relations are linearly independent over K, and we have m,_, such 
relations. Since m, — m,_¢ 2 m,/2[K : Q], we get the contradiction 
again by Lemma 5, thereby proving Theorem 2. 


§5. A transcendence measure 


We shall see that by modifying the arguments at the end of the proof, 
one can obtain a result concerning a transcendence measure for the num- 


bers fi(a@),..., fe(q). 


THEOREM 3. Let fi,..., fs be E-functions, algebraically independent 
over K(z), and satisfying a linear differential equation as at the beginning 
of §4. Let a be an algebraic number, distinct from 0 and from the poles of 
the rational functions Qj. Let g(X1,..., Xs) be a polynomial with co- 
efficients in Z, of degree d. Then 


lg(fi(a), ...,fe(a))| = elgi- 


where cisanumber > 0, depending on the f;, s, Q*, a, and (unfortunately) 
d, while b depends on the degree N = [K(a) : Q] and on s. 
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Proof. We start after Lemma 4. With ulterior motives, we select an 
integer 1 > 0 such that 


1>4av(1— [4 =4') forall’g al) = 7amene 


We let 


§ § 


=r) a on (Te *). 


Let w = m — v. Then there are exactly m monomials 


fee fe 


of degree < /Nd, and those monomials are E-functions, which we denote 
by #i,...,Hm. The differential equation X’ = Q*X gives rise to a dif- 
ferential equation Y’ = QY with a matrix of rational functions Q. 

There are exactly v polynomials of type 


Pi AIGA, = = onde); 
with vy; +---+v, S \Nd — d. We denote these functions by 
W1y 020 Woe 
We have inductively, using the construction of Lemma 1, with n > c4, 
Fy = Paik +-+++ + PemEn, 


and Lemma 3 states that the matrix (P;;(a)) with 7 = 1,...,m and 
k < n +c; has rank m for some constant cs. We can write 


W1= Miner oe AimE'm 
YY, = dort one Nein: 


with coefficients \;; which can be taken to be coefficients of the original 
polynomial g. Their absolute values are therefore bounded by |g]. We 
can find then m — v = w functions among the F; (k S n + cs), say 


¢1 = Prrla)Ey +++: + Piym(a) Em 
ee ee eA 


such that the determinant 6 of the matrix consisting of the (A) and the 
P;,,;(a) is not zero. We may assume without loss of generality that E, = 1, 
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namely the monomial of degree 0. Then 
5 = AiW1(a@) cr on Aw y(a) es Bigi(a) foes + By¢u(a), 


where the coefficients (A) and (B) are obvious subdeterminants of 6. 
Each P;; has degree S$ 2n — 1+ (k — 1)q where q depends only on Q. 
It is easy to estimate the coefficients (A) and (B), and we find 


|Aii(a) + +++ + Aws(a)| S cog(F(a))|gl"~2n*™™, 
[Biei(a) +++ + Bueula)| S erolgl*ntrn—Om—>, 


One sees easily that, 
Il5]| <= |gl?’n*™, 


and that a denominator for 6 is bounded by c”. By the usual lemma, we 


find 
(*) f< cul ete tras: 


gl nn(2m—2) 


We take n to be the smallest integer > cj, and such that 
n™ > 2¢13\9|%. 
Recall that w = m — v. We contend that 
2m — 2 — 4N(m — v) > ». 


It will certainly suffice to prove that m > 4N(m — v), in view of the 
inequality 


2m — 2 — 4N(m — v) — v = m — 2 — (4N — 1)(m — 2). 
We have 


stm = (INd + 1)--- (Nd + 8) = (IN)*d? + &_1(IN)* a 4. 
sy = (IN — 1) d+ &(N — Ita 4..., 


’ 


where £,_1,..., & are integers depending only on s. We estimate each 
(IN)’ — (IN — 1)” 


using the definition of J, and our contention follows at once. 
If we now substitute 2c1;|g|" for n” we get an upper bound of 3 for the 
second term on the right of (*). Transposing this 4 to the left of (*) yields 


lg(F@))| = (gl¥ente¥)— 


HISTORICAL NOTE . P oo 
under our assumption that n” > 2c,,\g|%, or rewriting this in the log 
notation, 


log |g(f(e))| = —Nov- log |g|.— 4nwN - log n. 


Since 7 is chosen smallest satisfying the inequality n” > 2c,,|9|", we see 
that n” is of the order of magnitude of |g|*" log g. Both v and w are ob- 
viously of type b d® with a suitable constant b, and hence 


log |g(f(a))| 2 —bN d? log |g] — bN? d? log |g| — cre. 


This proves our theorem. 


It is in fact easy to see that w has degree s — 1 in both N and d, and 
consequently that our constant b is of type by)N**! where bo depends only 
on s. 


Historical note 


This entire chapter is due to Siegel (cf. [31] and [32]), except for Shid- 
lovsky’s lemma [30]. In his original paper, Siegel proved the non-vanish- 
ing of the crucial determinant only in special cases (including the case of 
the Bessel function), but left the general case open. He axiomatizes the 
situation in his book [32]. Shidlovsky saw how to prove the non-vanishing 
in general, and consequently closed the last gap in obtaining the general 
theorem stated here as Theorem 2. 

In his original paper, Siegel also obtains a transcendence measure for 
the values of his functions, of the same type as Theorem 3. Once Shid- 
lovsky proved his lemma, it was clear that Siegel’s argument could be 
extended to the general case also (cf. [19]). 

This estimate does not give a transcendence type as we defined it in 
Chapter V, because we view d as fixed. I have checked that the proof of 
Theorem 1 in fact carries with it an explicit determination of the constant 
as a function of the degree, i.e. a function of m. In the estimates, these 
involve expressions like m?” or m°” (or a similar low exponent of m™). 
This is of course very unfortunate. As far as I know, there is no result 
known on the approximation of e* (@ algebraic) by algebraic numbers & 
which depend on d in a manner similar to the Feldman results of Chap- 
ter VI. 

It seems probable that to obtain good dependence on d, one will have 
first to improve (or rather change completely) the known methods used 
to prove approximation theorems concerning algebraic numbers, and ap- 
ply similar methods to values of transcendental functions. 

Finally, we note that Lindemann actually proves something slightly 
stronger than the algebraic independence of e”,...,e% if aj,..., as 
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are linearly independent over Q. He proves that if 81, ..., Bm are distinct 
non-zero algebraic numbers, then e*:,..., e%» are linearly independent 
over the field of algebraic numbers. This does not come out of the Siegel 
method as it stands: The discrepancy is apparent in Lemma 5. Just to 
round out the theory, it would be worth while to see if one could not ad- 
just the Siegel method so that Lemma 5 yields this stronger result, in the 
general case of H-functions satisfying a linear differential equation, in 
other words, if the functions are linearly independent, then their values are 
also linearly independent. 

One also wishes to investigate transcendental numbers from the point 
of view of diophantine approximations. A general discussion is given in 
[21], and also in my book Introduction to Diophantine Approximations. 


APPENDIX 


The p-adic Case 


The theory of transcendental numbers can also be developed over p- 
adic fields. We let C, be the completion of the algebraic closure of the 
p-adic field Q,. Then C, plays the role of the complex numbers. 

In considering values of functions, the theorems are local, concerned 
with values of power series converging in some neighborhood of the origin. 
Extensions of theorems from the complex case to the p-adic case have 
proved themselves to be either fairly easily accessible in the past, with a 
proof which closely parallels the complex case, or completely out of reach. 
We shall now give examples of both cases. 

The counting of zeros has an analogue in a theorem of Mahler [23]: 


THEeorEM. Let f(t) = dat’ be a power series such that a, € C,, 
la,|> S 1, and lima, = 0. Let m be a positive integer, and 


Pins. ptnre Gp 


such that |x|) S 1/p”. Assume that f(x;) = Ofori = 1,...,n. Then 
given x € Cy with |z|p S 1/p”, we have 


[f(z)|p = 1/p™. 


Furthermore, for the p-adic absolute value on the number field K, we 
have the estimate 
—size(a) < log |a|p 
foradla A OmK. 


The exponential function is defined by the usual series, and converges 
in the open disc of radius p~ 1! ‘P—1) in Cy, where it satisfies the functional 
equation. 

The results of Chapter I then go over without difficulty. We give 
Theorem 1 as an example. 


TuroreM 1. Let Bi, Bo € Cy be linearly independent over Q, and 
z, (v = 1, 2, 3) in C, be also linearly independent over Q. Assume that 
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B1, Bo have p-adic value S 1 and that |z,|) < 1/p. Then at least one of 
the numbers | “co 3 


exp(612,), exp(B oz) . ‘ (v = 1, 2, 3) 
is transcendental (over Q). 


Proof. We take a large integer c and let 


ff) = exp(p°Bit), = g(t) = exp(p*Bo2l). 


Then the power series for f, g have p-integral coefficients, tending to 0, 
and it suffices to prove that not all values f(z,), g(z,) He in K (using the 
functional equation). Suppose the contrary. We form 


oo SS ai;f'g 


t,j=1 


with the same values of r and n as before, requiring F to have zeros as 
before. Nothing is changed in this part of the proof which occurs entirely 
within the number field, and we obtain the same upper estimate for the 
coefficients a;;, and the values of F. We let s be as before, and now esti- 
mate |F(w)|,. Applying the theorem of Mahler, we find 


—s*!? < log |F(w)|p K —s? log p, 


which gives the contradiction when s is sufficiently large. 


The theorems concerning algebraic groups go over in a similar manner. 
The exponential map can be represented locally by power series, with 
integral coefficients, tending to 0. We do not have any global conditions 
when dealing with abelian varieties. We state the theorem to give an 
example to the reader. 


THEOREM 2. Let G be a linear group or an abelian variety defined over 
the field of algebraic numbers. Let ¢: D — Ge, be a 1-parameter subgroup 
defined on a disc around the origin in Cy. Let T be a subgroup of D having 
at least 3 linearly independent elements over Q in the linear case, and 5 
such elements in the abelian case. If o(I) is contained in the group of 
algebraic points of G, then ~ parametrizes locally an algebraic subgroup 
of G of dimension 1. In other words, there exists an open subdisc Do of D 
containing 0, and an algebraic subgroup H of G of dimension 1 such that 
y(Do) ts an open subgroup of He, containing the origin. 


In the situation of Theorem 2, one may say that the one parameter 
subgroup is locally algebraic. In the complex case, essentially by analytic 
continuation, the corresponding subgroup is algebraic. 
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In Chapter II, the situation is not quite as good. The results concerning 
e* and @” are still valid p-adically, and locally, wherever they make sense. 
Thus we must read exp(a) instead of e*, and exp(@ log a) instead of «°. 
Under the obvious conditions that 8 and a lie in the proper domains for 
convergence of the exp and log functions, we have the same statements 
as in the complex case. This is due to Mahler [23]. The general theorem 
on differential equations is also true, as shown by Adams [I]. Here, one 
begins to feel some difficulties, since instead of a finite number of points 
21, -+-, 2m, one must take an infinite sequence. 

However, the analogue for the Weierstrass g-function is not known, 
and the difficulty here lies in the fact that it is of arithmetic order 2. In 
the complex case, we could take a large radius R to estimate our function, 
but in the local p-adic case, this is impossible, and thus the question re- 
mains open. 

An analogous difficulty arises for the transcendence of the Bessel func- 
tion J(a) for algebraic a ¥ 0. The power series for the Bessel function 
converges just like the exponential series, but the technique of the fac- 
torials used by Siegel breaks down, and no other technique is known at 
present to replace it. 

The p-adic theory of transcendental numbers has applications to various 
problems in algebraic number theory. We mention two of these. First, 
Leopoldt has defined a regulator in the p-adic case. Contrary to the com- 
plex case, no proof is known showing that his regulator is non-zero. This 
would follow from the algebraic independence of (p-adic) logarithms of 
multiplicatively independent algebraic numbers. 

Second, Corollary 2 of Theorem 1, Chapter I, §1 answered a question 
put to me by Serre, which he encountered in his study of characters of 
idele classes, taking algebraic values. Of course, the same problem had 
occurred earlier (cf. the historical note of Chapter II, i.e. the paper of 
Alaoglu-Erdés). 
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